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Chapter 1
Background and theory

This chapter will lay some mathematical foundations to pave the way towards concepts
that will be developed in subsequent chapters. The starting point will be general rela-
tivity and a brief discussion of gravitational waves. The various sources of gravitational
waves will then be reviewed including an introduction to the corresponding data analysis
techniques. This discussion will underline the importance of improved low-frequency sen-
sitivity in next generation gravitational wave detectors. The low-frequency sensitivity is
most affected by seismic motion. The mathematical principles of seismic motion will be
addressed in Section 1.3. The mechanical coupling of seismic motion can be suppressed
by using attenuation systems. These systems implement active feedback control to mini-
mize the transmission of seismic motion to the detector’s critical components. Section 1.4
will introduce the concepts of linear control, state observation and the Kalman filter.

1.1 Gravity, general relativity and gravitational waves

At the turn of the 20th century the reigning theory of gravity was that developed by
Isaac Newton that described a force, elegantly formulated by an equation involving the
mass of any two objects, mA and mB, the distance between them r and the universal
gravitational constant G. The magnitude of the force is given by

F = G
mAmB

r2
. (1.1)

This equation describes the equal yet opposite attractive forces felt at each object.
Although Newton’s theory was successful in describing the effects of gravity on Earth
and the motion of bodies in our solar system1, it failed to describe the origin or nature
of the force, something that bothered Newton himself. In 1692 he wrote [1]:

1With the exception of the planet Mercury. The precise origin of the precession of Mercury’s orbit
remained a mystery until general relativity provided an accurate description.
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Chapter 1. Background and theory

“That one body may act upon another at a distance through a vacuum
without the mediation of anything else, by and through which their action
and force may be conveyed from one another, is to me so great an absurdity
that, I believe, no man who has in philosophic matters a competent faculty
of thinking could ever fall into it.”

In 1905 Albert Einstein published his paper on special relativity in which he introduced
some compelling notions about the relationship between space, time and energy [2]. An
important postulate of this theory was that the speed of light is constant, regardless
of the inertial reference frame of any observer. As a result this meant that information
can be transmitted from point A to point B no faster than the speed of light. Newton’s
theory of gravity concerns instantaneous forces, suggesting that changes at A would im-
mediately be felt at B. This contradicted Einstein’s relativistic speed limit. He therefore
set out to describe the origins of gravity in light of special relativity and in 1915 he pub-
lished a mathematical framework that links gravitational interactions to the curvature
of the spacetime continuum [3]. This theory is know as general relativity.

A fundamental concept in relativity is that the spacetime interval ds between any two
neighboring objects in flat space is given by the expression

ds
2 = −c

2
dt

2 + dx
2 + dy

2 + dz
2
, (1.2)

where c is the speed of light. General relativity introduces the idea that spacetime is
not longer ‘flat’ but can rather be curved in order to describe what we consider to be a
gravitational force. In this case Eq. (1.2) can be written more generally to be

ds
2 = gµνdx

µ
dx

ν
, (1.3)

where all of the information about spacetime curvature is encoded in the metric gµν and
the superscripts are not powers but indices to represent coordinates, e.g. t, x, y and
z. General relativity goes on to relate the energy-momentum tensor Tµν to the metric
tensor gµν in a series of coupled non-linear differential equations called the Einstein field
equations. They are given by2

Rµν −
1

2
gµνR = 8πTµν , (1.4)

and essentially couple the motion of matter to curvature, and curvature to the presence
of energy and matter. Here R is the Ricci curvature scalar, which is defined as the trace
of the Ricci curvature tensor Rµν with respect to the metric, R ≡ g

µν
Rµν = R

µ
µ. The

Ricci curvature tensor is obtained from contraction of the Riemann curvature tensor
R

λ
µλν on the first and third indices such that

Rµν = R
λ
µλν = Γλ

µν,λ
− Γλ

µλ,ν
+ Γλ

λσ
Γσ

µν
− Γλ

νσ
Γσ

µλ
, (1.5)

2Note that the geometrized units convention is adopted in which G = c = 1 and time is defined as
the distance light travels in time t. In this way time and distance both have dimension meters.
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1.1. Gravity, general relativity and gravitational waves

where we use the convention that the ‘,’ denotes the partial derivative of the tensor with
respect to the trailing indices and Γµ

αβ
are the Christoffel symbols given by

Γµ

αβ
=

1

2
g
µν(gνα,β + gνβ,α − gαβ,ν). (1.6)

The Riemann curvature tensor assigns to each point in the manifold a measure as to
what extent the metric tensor varies from Minkowski (flat) space, while the Christoffel
symbols can be seen as a description of how the components of a basis vector change
when parallel transported on the manifold.

1.1.1 Ripples in space

We can now take a first step towards the derivation of gravitational waves [4]. To do that
we consider the linear expansion of the Einstein field equations around the flat space
metric. Therefore we write

gµν = ηµν + hµν , (1.7)

where ηµν is the Minkowski metric for flat spacetime and hµν are small metric perturba-
tions, i.e. |hµν | � 1, which allows us to linearize the Einstein equations. The equations
of motion can be written more compactly by defining the trace reversed amplitude

h̄µν = hµν −
1

2
ηµνh, (1.8)

where h ≡ h
α
α is the trace of hµν . The linearized Einstein equations can now be written

in the form
�h̄µν + ηµν h̄αβ

,αβ
− h̄µα,ν

α
− h̄να,µ

α = −16πTµν , (1.9)

where � is the fourspace d’Alembertian operator. In cartesian coordinates and flat space
it is denoted by � = −

∂
2

∂t2
+∇2. We have the freedom to choose a convenient coordinate

system and do so such that h̄µα,α = 0. This is known as the Lorentz gauge and it implies
that the wave components are orthogonal to the direction of propagation. By exploiting
this gauge the last three terms on the left hand side of Eq. (1.9) vanish and the Einstein
equations become

�h̄µν = −16πTµν . (1.10)

To study gravitational waves and their interaction with a gravitational wave detector
we are interested in the field outside the source, i.e. where Tµν = 0. We then simply have

�h̄µν = 0, (1.11)

which can be recognized as a wave equation and implies that gravitational waves travel
at the speed of light. The solution of the wave equation can be written as

h̄µν = Aµνe
ikαx

α
. (1.12)
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Chapter 1. Background and theory

Each component of h̄ is thus a sinusoidal wave that travels along wave vector kα with
amplitude Aµν . The metric can be further simplified by choosing a gauge such that
h̄ is trace free. Note that now h̄ = h. Together with the previously made Lorentz
gauge condition, this is known as the transverse-traceless gauge. A gravitational wave
propagating along the z-axis can now be described by

h(t, z) =





0 0 0 0
0 h+ h× 0
0 h× −h+ 0
0 0 0 0



 cos(ω(t− z) + φ0), (1.13)

where φ0 is an arbitrary initial phase of the gravitational wave. This reveals the trans-
verse and polarized nature of gravitational waves with what are known as the plus and
cross polarizations with respective amplitudes h+ and h×.

1.1.2 Observable effects of gravitational waves

Consider the distance s that separates two freely falling test masses positioned along the
x axis, one at the origin (0,0,0) and the other at (l,0,0). In transverse-traceless coordi-
nates, they remain at these coordinate locations at all times. Implementing Eqs. (1.3),
(1.7) and (1.13), the proper distance spacetime interval in the transverse-traceless gauge
is given by

ds
2 = gµνdx

µ
dx

ν

= −dt
2 + dz

2 +
�
(1 + h+)dx

2 + (1− h+)dy
2 + 2h×dxdy

�
cos(ω(t− z) + φ0).

(1.14)

We now probe the distance s by sending a photon from one test mass, reflecting it off
the other and measuring the time it takes to return. Note that a photon traveling along
the x-axis moves along a light-like world line where ds2 = 0 and dy = dz = 0. Assuming
that the wavelength of the gravitational wave is larger than the separation distance
λGW � l, and that h+ is spatially uniform over distance l, then h+ can be considered
constant during the photons journey. For a plus polarized gravitational wave, with an
initial phase of φ0 = −π/2 and amplitude h+ � 1, the return time is found to be

trt = 2

�
l

0

dt = 2

�
l

0

�
(1 + h+) sin(ω(t− z))dx

≈ 2

�
l

0

(1 +
1

2
h+) sin(ω(t− z))dx

= 2l(1 +
1

2
h+) sin(ω(t− z)). (1.15)

In the unperturbed case we would expect trt = 2l so it is evident that the apparent sep-
aration distance between the two masses stretches and shrinks by ∆l = 1

2
h+l, with the
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1.1. Gravity, general relativity and gravitational waves

frequency of the gravitational wave. This provides a relationship between the gravita-
tional wave amplitude and the measurable length difference proportional to the original
distance between the test masses

∆l

l
=

1

2
h+, (1.16)

which is why gravitational waves are said to produce a strain in space and h is coined
the gravitational wave strain. The same exercise can be done along the y direction
producing an equal but opposite strain on that axis. The effect of the two gravitational
wave polarizations on a ring of freely falling test masses for a gravitational wave incident
to the page is shown in Fig. 1.1.

Time

+ polarization

Time

× polarization

t = 0 t = T/4 t = T/2 t = 3T/4

Gravitational wave, k   × 

l +!l l -!ll l

Figure 1.1: The effect of a gravitational wave on freely falling test masses for the plus
(top) and the cross (bottom) polarization. The gravitational wave is incident to the page
and its period is T .

Polarized fields are rather familiar from electromagnetism and in many ways gravita-
tional radiation is similar to the electromagnetic counterpart. The interaction of gravi-
tational waves with mass is analogous to the interaction of electromagnetic waves with
charged particles. However, unlike the electric and magnetic dipoles, conservation of
momentum rules out mass dipole moments. The mass dipole corresponds to motion of
the center of mass of a system and its first derivative represents momentum which is
a conserved quantity, so the mass dipole emits no radiation. Similarly conservation of
mass-energy prevents a mass monopole moment (a monopole moment would necessitate
the creation and destruction of mass-energy). The leading term for gravitational radi-
ation is therefore the quadrupole moment which, in its reduced form, can be defined
as

Iij(r) ≡

�
dV (xixj −

1

3
δijr

2)ρ(r). (1.17)
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Chapter 1. Background and theory

where r is the position vector measured with respect to any origin of our choosing, δij
is the Kronecker delta and ρ(r) is the mass density at r. An estimate of the strain
amplitudes can be made by equating them to the second order time derivatives of the
quadrupole moment Ïij. In addition, for gravitational waves to radiate away from the
source the amplitude must decay inversely proportional to the distance from the source
d. An estimate for h would then be

hij ≈
2G

c4

Ïij

d
, (1.18)

expressed in conventional units. The factor G

c4
= 8.26 · 10−45 s2 m−1 kg−1 is immensely

tiny and suggests that spacetime is an extremely stiff medium. In order for gravitational
waves to produce a detectable signal the associated energies must be of astronomical
proportions. For this reason the first detections of gravitational waves are expected to
originate from the most violent astrophysical phenomena.

1.2 Sources of gravitational waves

All systems that feature a varying mass-quadrupole moment will generate gravitational
waves. However, the interaction of gravitational radiation with matter is so weak that for
now we can only attempt to detect gravitational waves from the most compact and/or vi-
olent phenomena in the Universe. For this reason the gravitational wave sources discussed
here are of astrophysical origin. They can be categorized into four types of sources: grav-
itational collapse, compact binary coalescence, continuous waves and stochastic back-
ground.

1.2.1 Supernova core collapse

A burning star exists in an equilibrium between outward pressure from nuclear reactions
and the inward forces of its gravitational field. Once a star has exhausted its supply of
energy from nuclear reactions, the gravitational forces cause it to collapse. The subse-
quent dynamics can convert gravitational potential energy into an explosion that blows
off part of the star. This violent process is known as a supernova and signifies the dying
moments of a star. Depending on the initial mass of the star the core could continue
to collapse to form a compact object, of which three types exist: white dwarfs, neutron
stars and black holes.

A supernova produces a bright optical display making them extremely useful cosmolog-
ical tools. At the same time this explosion masks what is going on in the core of the
supernova. As a result, the dynamics of a core collapse and how energy is converted into
an explosion is not well understood. If the core collapse occurs in an asymmetric fash-
ion, gravitational waves will be emitted [5]. Gravitational waves, along with neutrinos,
provide the only signals that come to us directly from the core.
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1.2. Sources of gravitational waves

The expected gravitational waveforms from supernova core collapse are poorly under-
stood and difficult to predict. The extraction of the signal out of noisy detector data
from such an event is therefore very challenging. This reduces the chance of a detection.
If, on the other hand, a supernova was to take place within our galaxy, the signal-to-noise
ratio would be high, enhancing the likelihood of detection. From observations within the
Milky Way it is thought that such an event occurs, on average, two times per century [6].

1.2.2 Compact binary coalescence

A pair of compact objects such as neutron stars or black holes, that are bound by each
other’s gravitational fields are known as compact binaries. As they revolve around their
common center of mass, they emit energy in the form of gravitational radiation causing
them to move closer together, orbit more rapidly and finally coalesce. The stages of
coalescence can be regarded in three phases. The first phase is the inspiral, consisting
of the last few thousand orbits before the second phase, know as the merger. During
the merger the two objects combine to form a single compact object. The last phase is
the ring down where the final object settles to a stationary state through emission of
gravitational waves. This whole coalescence process takes place over a period of seconds
to minutes depending on the total mass of the system. Note, however that the lifetime
of the binary before merging can be in excess of tens of millions of years. During the
inspiral phase of two neutron stars the frequency sweeps up to about 1.5 kHz [7] which
falls in the detection band of ground based detectors.

The shape of these modulated sinusoidal signals can be well modeled by post-Newtonian
mechanics and techniques based on numerical relativity [8]. To hunt for these signals
amongst the detector noise, data analysts use matched filter algorithms [9] that com-
pare the detector output against a family of waveform templates that scan the binary
coalescence parameter space.

Let us consider a binary system consisting of two objects of mass m1 and m2 and total
mass M = m1 +m2. At some time t the masses are separated by a distance a. It can be
shown that (for non-relativistic motion) the evolution of the separation distance can be
written as

a = a0

�
1−

t− t0

τ0

� 1
4

, (1.19)

where a0 was the separation distance at time t0 and τ0 is the time to coalescence. That
is, τ0 is the amount of time it takes for the binary to go from the initial separation a0

to a = 0. It is described by

τ0 =
5

256

1

m1m2

M
1
3

(2πf0)
8
3

, (1.20)

where f0 is the orbital frequency at t0. The effectiveness of the data analysis algorithms
is proportional to the amount of time the inspiral signal can be subjected to the match
filtering. A larger τ0 increases the likelihood of a detection and the accuracy of subsequent
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Chapter 1. Background and theory

parameter estimation. In Eq. (1.20) it was shown that time to coalescence is inversely

proportional to f0
8
3 . This highlights the importance of improving the low-frequency

sensitivity of gravitational wave detectors. If the detection lower bound can be reduced
by a factor of two, the time to coalescence will increase by a factor 2

8
3 ≈ 6.4. This

makes low-frequency sensitivity an important goal for next generation gravitational wave
detectors.

Compact binary coalescence is considered to be a promising potential source for the
first detection of gravitational waves due to the relatively large strain amplitudes. The
expected strain amplitude from two inspiraling neutron stars at a distance d from the
Earth, can be approximated by

h ≈ 10−23

�
100 Mpc

d

��
Mc

1.2M⊙

� 5
3
�

f

200 Hz

� 2
3

, (1.21)

where Mc ≡ (m1m2)
3
5/(m1 +m2)

1
5 is known as the chirp mass and M⊙ is the mass of

the Sun. This means that an inspiraling neutron star binary at a distance3 of 100 Mpc,
with a chirp mass equivalent to 1.2 times the mass of the Sun, will produce a strain of
h ≈ 10−23 at 200 Hz.

The study of the resulting waveforms will put general relativity to the test under the most
extreme gravitational conditions [10]. The coalescence signals from binary systems pro-
vide enough information to deduce the distance to the source. They can therefore be used
by astronomers to measure the large-scale dynamics of the Universe and to constrain
cosmological parameters [11]. In addition, they will uncover a wealth of information
about the systems themselves, such as the equation of state of neutron stars [12, 13].

An important figure of merit for gravitational wave detectors is the maximum distance to
which they are sensitive to gravitational waves. This is known as the horizon. The horizon
for gravitational waves from typical neutron star - neutron star, neutron star - black hole
and black hole - black hole coalescence for the LIGO-Virgo network of advanced detectors
has been calculated to be 445 Mpc, 927 Mpc and 2187 Mpc respectively [14]. If we take
for example neutron star binary coalescence, the predicted rate for such events is about
100 per million years per Milky Way equivalent galaxy (MWEG). However, this rate
can plausibly range from 1 to 1000 Myr−1MWEG−1. The related detection rate is then
40 events yr−1 but could range from 0.4 to 400 yr−1.

1.2.3 Continuous waves

Continuous waves are emitted from spinning neutron stars. Neutron stars are compact
objects formed during a supernova core collapse. In order to emit gravitational waves a

3A parsec (pc) is derived from ‘a parallax of one arcsecond’ and is defined as the adjacent side of a
right triangle when the smallest angle is 1 arcsecond and the opposite length 1 astronomical unit. It is
equivalent to ∼3.2 light years. The center of the nearest large galaxy cluster, the Virgo cluster is 16.5
Mpc (53.8 million light years) away from Earth.
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1.2. Sources of gravitational waves

neutron star must have a quadrupole moment which implies a non-axisymmetric asym-
metry. Such an asymmetry could be caused by a geometric deformity of the star’s exte-
rior, movement of the fluidic interior or induced by accretion of matter from a companion
star.

Many neutron stars are pulsars. A pulsar emits electromagnetic radiation in concentrated
beams along the magnetic axis of the object. If the magnetic and rotational axes are not
aligned, the beam will sweep across the Universe like a light house, potentially crossing
the Earth. A pulsar’s electromagnetic radiation would therefore arrive at the Earth in
pulses, with a frequency equivalent to its rotation fpul.

Several thousand pulsars have already been discovered and some exist in binary systems.
Due to their relatively weak signals most of the discovered pulsars appear in our neigh-
borhood of the Galaxy but there could be many more of which the radiation does not
pass the Earth. An extrapolation from these observations suggests that over 108 pulsars
exist in our Galaxy [15]. Most pulsars are observed to spin down: their frequency de-
creases with time. This could partially be due to gravitational wave emission but other
forms of energy loss due to electromagnetic radiation and particle discharge will also
play a role [16]. Fig. 1.2 shows the first order spin down −

dfpul

dt
versus frequency of all

known pulsars as of January 2011 [17, 18].
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Figure 1.2: First order spin down versus frequency for known pulsars. Data taken from
the ATNF Pulsar Catalogue [18].

To estimate the amplitude of gravitational wave emission from non-axisymmetric dis-
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Chapter 1. Background and theory

tortions, the level of distortion is expressed in terms of the ellipticity

� =
Ixx − Iyy

Izz
, (1.22)

for a neutron star spinning along the z-axis, where Ixx, Iyy and Izz are the moments
of inertia along the x, y and x axes respectively. We can approximate the amplitude of
either polarization radiated along the spin axis by [19]

h ≈
8π2

f
2
Ins

d
�, (1.23)

where Ins is the moment of inertia of the spherical neutron star and f is the frequency
of the gravitational waves. Note that for an optimally oriented source f = 2fpul. Taking
typical values we would arrive at a strain of

h ≈ 10−25

�
I

1038 kg m2

��
10 kpc

d

��
f

60 Hz

�2 �
�

10−5

�
. (1.24)

To uncover this signal from detector noise data analysts perform a Fourier transform on
long stretches of data. The Fourier transforms concentrate the power of the signal into
one frequency bin, while distributing the noise power over the entire observation band.
The signal-to-noise ratio in the case of an optimally oriented continuous wave source
observed for a time T is then given by

SNR = h

�
T

Sn(f)

� 1
2

, (1.25)

where Sn(f) is the detector noise spectrum. We see that the signal-to-noise ratio in-
creases according to

√
T . Typically months of data are analyzed which presents compu-

tational challenges. Moreover, the analysis is complicated by the fact that the signals
are frequency and amplitude modulated. The apparent frequency of the neutron star is
strongly Doppler modulated by the spin of the Earth and orbit around the Sun over the
measurement periods, while the orientation of the gravitational wave detectors causes
fluctuations in the signal amplitude [20].

From Fig. 1.2 we see that a majority of known pulsars would emit gravitational waves
at frequencies below 10 Hz while the current lower bound of the detection band of
ground based gravitational wave detectors is around 40 Hz. The study and discovery of
gravitational waves from spinning neutron stars would profit greatly from an extension
of the sensitivity band of next generation detectors towards lower frequencies.

1.2.4 Stochastic background

A continuous stochastic gravitational signal from many unresolvable sources is expected
to exist across the full gravitational spectrum. This weak gravitational background in-
cludes signals from astrophysical sources such as faint neutron stars and binary systems.
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1.2. Sources of gravitational waves

It is also expected to contain gravitational radiation created during the very early stages
of the Universe. The detection of the cosmic microwave background was a significant cos-
mological discovery first made by Penzias and Wilson in 1964 [21, 22]. It is a measure of
the first photons that were free to propagate through the primordial Universe produced
approximately 400,000 years after the Big Bang. An analogous gravitational background
has been predicted. Due to the much weaker interaction of gravitational radiation with
matter, in comparison to electromagnetic radiation, these primordial gravitational waves
are expected to have originated much earlier. Predictions suggest as early as 10−34 sec-
onds after the Big Bang. Detection of a cosmic gravitational background would make it
possible to obtain an insight into the very early stages of the Universe. Several sources of
primordial gravitational radiation have been proposed by various Big Bang and inflation
theories. For example, gravitational waves are predicted to originate from the dynamics
and decay of cosmic strings, quantum vacuum fluctuations and phase transitions in the
early Universe [23, 24].

The analysis of stochastic background radiation involves the cross-correlation of signals
from detectors at large separation distances where technical noise sources can be con-
sidered uncorrelated. In this way the signal-to-noise ratio can be significantly increased.
Such techniques are used to place constraints on the energy density of stochastic back-
ground radiation and impose limits on models of early Universe evolution [25].
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Chapter 1. Background and theory

1.3 Mathematical principles of seismic motion

Having established that there is a strong scientific case for the study of low-frequency
gravitational waves, we now turn our attention to the technical aspects of gravitational
wave detection at these frequencies. The low-frequency sensitivity of gravitational wave
detectors is limited due to effects associated with seismic motion. Here we introduce the
mathematical principles used to describe seismic wave propagation that will be useful
in our later understanding and modeling of seismic effects.

1.3.1 Theory of seismic waves

As a result of seismic disturbances a displacement wave field is produced in a medium
that is governed by the elastodynamic wave equation [26, 27]. For an isotropic and
homogeneous medium of density ρ, the elastodynamic wave equation is given by

µ∇
2u+ (λ+ µ)∇∇ · u+ f = ρ

∂
2u

∂t2
, (1.26)

where f is the force per unit volume acting on the medium and u the displacement field
vector of the medium. The other terms on the left of Eq. (1.26) originate from the stress
tensor and describe the elastic restoring forces of the medium where λ and µ are known
as Lamé’s first and second parameters and µ is also referred to as the shear modulus.

Body waves

We can investigate the response of an infinite medium by examining the solutions of the
governing equations under certain conditions. If part of the medium undergoes a change
in volume, then the displacement field u will have a non-zero divergence, or dilatation
Λ = ∇ · u. We calculate the divergence of Eq. (1.26) in the absence of volume forces to
obtain

µ∇ · (∇2u) + (λ+ µ)∇ · (∇∇ · u) = ρ
∂
2(∇ · u)

∂t2
. (1.27)

Since ∇ ·∇ ≡ ∇2 and ∇ · (∇2u) = ∇2(∇ · u) we find, for the dilatation

(λ+ 2µ)∇2Λ = ρ
∂
2Λ

∂t2
, (1.28)

which we recognize as a wave equation with velocity cP =
�

λ+2µ

ρ

� 1
2
. This shows that

a compressional or dilatational disturbance will propagate through the medium with a
velocity given by cP . The resulting wave is also known as the pressure or longitudinal
wave as the motion of a particle in the medium is parallel to the direction of wave
propagation. It has the highest velocity of the various wave types and is the first to be
detected after an earthquake. It is therefore also referred to as the primary or P-wave.
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1.3. Mathematical principles of seismic motion

Next we consider a shear disturbance in the medium. In this case we will have a non-zero
curl of the displacement vector Ξ = ∇×u. We perform the curl operation on Eq. (1.26).
Utilizing the fact that the divergence of the curl of any vector field is equal to zero, we
find

∇
2Ξ =

ρ

µ

∂
2Ξ

∂t2
. (1.29)

Once again the result is in the form of a wave equation. We conclude that rotational

disturbances will propagate through the medium with a velocity cS =
�

µ

ρ

� 1
2
. These wave

types are known as shear or transverse waves as the particle motion is perpendicular
to the direction of the wave. The wave speed is slower than that of P-waves and in
seismology they are referred to as secondary or S-waves. S-waves can be decomposed into
waves with horizontal displacements, ‘SH-waves’, and waves with vertical displacements
‘SV-waves’. It is interesting to note that when the shear modulus µ = 0, as is the case
for liquid and gas media, cS becomes zero. Thus, S-waves cannot propagate through
liquids and gases.

In the following, the elastic properties of soil or rock will be parameterized by Young’s
modulus E and Poisson’s ratio ν. The Poisson ratio describes the relationship between
shear and strain forces, while Young’s modulus is a measure of the stiffness of the
medium. The following relationships can be applied: λ = Eν

(1−2ν)(1+ν)
, and µ = E

2(1+ν)
.

The wave velocities of the P and S-waves are then given by

cP =

�
E(1− ν)

(1− 2ν)(1 + ν)ρ

� 1
2

, and cS =

�
E

2(1 + ν)ρ

� 1
2

. (1.30)

Note that the ratio of the wave speeds is purely a function of the Poisson ratio and from
Eq. (1.30) found to be

ζ ≡
cP

cS
=

�
2− 2ν

1− 2ν

� 1
2

. (1.31)

Typical values for clay-like soils range from 500 - 1000 m/s for cP , and 250 - 600 m/s
for cS, while for hard rock values of 1500 - 3000 m/s and 3000 - 6000 m/s are common
for cS and cP , respectively. Eq. (1.30) suggests that the P and S- wave velocity vary
inversely as the square root of the density. However, field studies reveal that seismic
velocity is actually higher for denser rocks. This occurs because the Young’s modulus is
also dependent on the density and increases more rapidly than ρ.

Boundary interactions

When a seismic wave encounters a boundary between two media, it will undergo reflec-
tion and transmission, from and through the boundary. The interaction is characterized
by the properties of the media and angle of incidence of the incoming wave. At a free
boundary only reflection will occur. In many ways it is akin to the electromagnetic and
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Chapter 1. Background and theory

acoustic analog. A distinguishing characteristic of elastic waves in solids is their dis-
play of mode conversion during boundary interactions. Mode conversion describes the
transfer of energy from one mode, say a P-wave, into other modes such as SV or SH-
waves. This phenomenon and the fact that many combinations of modes are possible,
makes the study of boundary interactions a complex endeavor. Here, the surface reflec-
tion of an incident P-wave will briefly be discussed but the notions are similar for other
interactions.

P-wave (Ai) P-wave (Ar)
SV-wave (Br)

i

!r

Figure 1.3: A P-wave interaction with a surface boundary. The incident wave has ampli-
tude Ai and arrives at an angle θi. The reflected P and SV waves have respective amplitudes
of Ar and Br.

Consider a P-wave of amplitude Ai incident to the surface at an angle θi with respect
to an axis normal to the surface. The situation is sketched in Fig. 1.3. The P-wave will
reflect off the surface with a reflection angle equal to the incidence angle: θr = θi. Due
to mode conversion an SV-wave of amplitude Br will also be reflected, but at an angle
ϕr. A form of Snell’s law exists for elastic waves given by

sin θi
sinϕr

=
cP

cS
= ζ. (1.32)

In an infinite medium P and S-waves are uncoupled and do not exchange energy. Here,
mode conversion is associated with the compressional wave producing shear forces at
a boundary and therefore allowing exchange of energy. Mathematically this follows by
applying the relevant boundary conditions to Eq. (1.26) (See Ref. [27]). For the case
at hand the following amplitude ratios are obtained for incident angles in the range
0 ≤ θi < π/2

Ar

Ai

=
sin 2θi sin 2ϕr − ζ

2 cos2 2ϕr

sin 2θi sin 2ϕr + ζ2 cos2 2ϕr

, (1.33)

Br

Ai

=
2 sin 2θi cos 2ϕr

sin 2θi sin 2ϕr + ζ2 cos2 2ϕr

. (1.34)

A number of interesting cases can be explored. Notice from Eq. (1.32) that sinϕr =
cS
cP

sin θi, from which we can conclude that θi is always larger than ϕr. For waves of
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1.3. Mathematical principles of seismic motion

normal incidence (θi = 0) we obtain Ar
Ai

= −1 and Br
Ai

= 0, which means that the P-
waves undergo a phase change of 180◦ and exhibit no mode conversion. The maximum
amount of mode conversion is found via d

dθi

Br
Ai

= 0 to occur for incident wave angles of
θi ≈ π/4 for a Poisson ratio of ν = 0.25. The amplitude ratio at this point gives for
the SV-wave amplitude Br ≈ 0.64Ai. As θi approaches π/2, ϕr → 35◦ (for ν = 0.25)
and Ar

Ai
→ 1, suggesting that the reflecting SV-waves will vanish towards more acute

incidence.

Special care needs to be taken in the case of θi = π/2 where the previous solutions
become undefined. It has been shown that for such waves parallel to the boundary,
a solution exists in which an additional wave is reflected [28] away from the surface.
This is a special type of head wave. In general, head waves emerge in stratified media
where waves propagating parallel to the interface in a high velocity layer cause energy
to radiate away from the boundary into the low velocity layer. This can be envisaged in
a way similar to the wave front of a sonic boom trailing a faster-than-sound jet plane.

Surface waves

So far we have investigated seismic motion by describing the two types of seismic waves
that were shown to exist in an infinite medium, the P and S-waves. Their behavior
at medium interfaces and boundaries was then discussed. However, when a medium is
bounded, such as at the surface of the Earth, a third type of wave may exist whose
effects are confined closely to the surface. This type of wave was first investigated by
Lord Rayleigh [29] and is therefore coined the Rayleigh wave. The Rayleigh wave is
perhaps most well known for its destructive behavior after an earthquake. Before its dis-
covery, seismologists were puzzled by the relatively weak signals from the P and S-waves,
preceding the arrival of the more violent Rayleigh wave shortly after. This observation
indicated, not only the existence of an additional solution to the wave equation, but also
that it must be confined to the surface, where its energy is dispersed more slowly than
the volumetric dispersion governing P and S-wave attenuation.

At the surface of a medium that is also comprised of layers yet another type of surface
wave can exist: the Love wave. Love waves are a consequence of SH-waves that are
trapped in the superficial layer of the medium and propagate via multiple reflections
within the layer. They therefore involve particle motion parallel to the surface and
transverse to the direction of propagation. Love waves produce no density variations or
deformation of the surface and therefore, by comparison to Rayleigh waves, are of less
interest to gravitational wave detector issues. We thus focus the discussion on Rayleigh
waves.

Rayleigh waves consist of SV and P-waves that are coupled by horizontal discontinuities
in a medium, for example, at the Earth’s surface. The particle motion is confined to
a vertical plane parallel to the direction of propagation and with amplitudes vanishing
with depth. The theory of Rayleigh waves is developed in various standard texts [27].
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Chapter 1. Background and theory

The normal components of elastodynamic stress produced by this wave must vanish at
the Earth’s surface. By imposing these boundary conditions we arrive at an expression
for the wave velocity cR, given by

�
c
2

R

c
2

S

�3

− 8

�
c
2

R

c
2

S

�2

+ 8

�
2− ν

1− ν

��
c
2

R

c
2

S

�
−

8

1− ν
= 0. (1.35)

There will be three roots to the wave velocity equation. The Rayleigh wave velocity

corresponds to the real root in the range 0 <

�
c
2
R

c
2
S

�
< 1. The other roots are related

to unphysical wave solutions where, for example, the amplitudes increase with depth.
The relationship cR/cS is a function of the material’s Poisson ratio ν, varying from
cR/cS = 0.904 for ν = 0.16 (fused quartz) to cR/cS = 0.955 for ν = 0.5 (rubber
and other easily sheared materials). We conclude that Rayleigh waves propagate with
a horizontal wave speed slightly slower than the S-wave speed. The P and SV-wave
components both attenuate exponentially with depth, but with different decay factors,
given by q and p respectively. These dimensionless ratios are given by

q =
�
1− c

2

R
/c

2

P
, (1.36)

p =
�
1− c

2

R
/c

2

S
.

Finally, we arrive at the horizontal and vertical components of the Rayleigh displacement
vector �ξ = [�ξhoriz, ξvert] [29], given by

�ξhoriz = ikRA

�
e
−qkRz

−
2qp

1 + s2
e
−pkRz

�
e
i(kR·x−ωt)k̂R, (1.37)

ξvert = −qkRA

�
e
−qkRz

−
2

1 + p2
e
−pkRz

�
e
i(kR·x−ωt)

.

Here A is an arbitrary complex wave amplitude, t is time, x denotes the horizontal
location and kR = kRk̂R is the Rayleigh wave number.

The displacement wave field for one wavelength of a plane harmonic Rayleigh wave
propagating from left to right, is shown in Fig. 1.4a. Each arrow represents a particle
displacement. The motion of a particle at the surface will trace an ellipse in the counter
clockwise direction. It is interesting to note the sign change in the phase difference
between the horizontal and vertical components. This occurs at a depth of about 0.2λR,
below which the particle rotation reverses to clockwise. In Fig. 1.4b, the amplitude (with
conservation of sign) of the horizontal and vertical displacements are plotted. Note that
they are separated by a phase difference of π/2.

The discussions above have involved plane harmonic waves. However, in reality excitation
of a medium results in a combination of all the different wave types and geometries:
body and surface; plane, circular and spherical. Miller and Pursey [30] showed that for
a vertically oscillating source on the surface of a homogenous, isotropic, elastic medium,
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Figure 1.4: (a) Plane Rayleigh wave displacement field. Particle motion at the surface is
shown to trace an ellipse in a counter clockwise fashion. The direction of wave propagation
is to the right. (b) Corresponding amplitude of Rayleigh wave displacements. The horizon-
tal and vertical components attenuate differently with depth. The horizontal component
changes sign at a depth of about 0.2 λR indicated by the dashed horizontal line.

two thirds of the energy is distributed into Rayleigh waves with the remaining energy
going into body waves (26% into S-wave and 7% into P-waves). Fig. 1.5 shows the
response of a two layer elastic half space to an impulse excitation at the origin. The
upper layer consists of a low velocity medium with cP = 300 m/s while for the lowest
layer we have cP = 5000 m/s. At a time 5.5 s after the excitation the various wave
types are clearly visible. The P and S-waves radiate away from the source with the
latter having a velocity roughly half of the P-wave speed. The Rayleigh wave is seen
confined to the surface and has the largest amplitude. When the P-wave arrives at the
layer boundary it reflects and exhibits mode conversion by the production of a reflected
SV-wave.

Wave attenuation

As a wave propagates through the medium, its amplitude decreases. This attenuation
can be attributed to two factors: material and geometrical damping. For homogeneous
media, seismic wave attenuation can be described by [31]

A2 = A1

�
r1

r2

�n

e
−πηf

c (r2−r1), (1.38)
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Vertical excitation

(a)

P-wave

S-wave

Head wave

Rayleigh wave

(b)

Reflection SV-wave
Reflected P-wave

(c) (d)

Figure 1.5: Ground response to a vertical point source excitation at the origin of a two
layer elastic half space. The top layer (z > -2500 m) is made of a low velocity material with
ρ = 1800 kg/m3 and cP = 300 m/s, while for the bottom layer (z < -2500 m) ρ = 2750
kg/m3 and cP = 5000 m/s. The color scale indicates the total particle displacement and
is arbitrarily scaled by the strength of the source. The simulations were made with EDT:
ElastoDynamic Toolbox for MATLAB [26].

where A1 and A2 are the wave amplitudes at distance r1 and r2 from the source, n
is the geometric damping coefficient, f the frequency and c the propagation speed of
the wave. The frequency dependent material damping is represented by the loss factor
η. It is associated with energy lost due to friction. Geometrical damping is a result of
energy spreading over an increasing area. For surface waves produced by a point source
the seismic power is spread over an increasingly large circumference, proportional to r.
The wave amplitude scales with the square root of the power so attenuates with 1/

√
r,

corresponding to a damping coefficient n = 1/2. Similarly, body waves in the medium
from the same source are distributed over a spherical area and therefore attenuate with
n = 1.
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1.3. Mathematical principles of seismic motion

1.3.2 Seismic correlation

The seismic displacement simultaneously measured at two locations is given by x1(t) and
x2(t) with respective Fourier transforms X1(ω) and X2(ω). The normalized displacement
cross-spectrum of the two signals is then [32, 33]

K12(ω) =
�X1X

∗
2
��

�X1X
∗
1
��X2X

∗
2
�
, (1.39)

where X
∗
1
is the complex conjugate of X1 and �·� denotes an average over several mea-

surements. K12 is complex valued and is sometimes referred to as the complex coherency.
The modulus of K12 is known as the coherence while the real part is called the correla-
tion.

Coherence can be seen as a measure of the similarity between two signals and is an indi-
cation of how well the signals would resemble each other under a linear transformation
in time. If, for example, one seismic signal can be obtained by means of a linear trans-
formation of the other, the coherence is equal to one (in the absence of noise). Totally
unrelated signals give a coherence of zero.

Correlation is a related quantity but also provides information about the phase differ-
ence between the signals. When the signals are in phase the correlation is 1 whilst for
signals 180 degrees out of phase the correlation will be -1. In the simple case in which
only Rayleigh waves from distant sources are propagating along the line between two
seismometers, the correlation will be equal to

�[K12(ω)] = cos(
2π

λR

∆z), (1.40)

where ∆z is the distance between the seismometers. In a dispersive medium, the wave
number will be dependent on the frequency. If the direction of propagation of the waves
is uniformly distributed around the azimuth angle θ, then the correlation is equal to
the integral over all directions. The perceived wavelength between seismometers is then
given by λ = λR/ cos θ and the integral becomes

�[K12(ω)] =
1

2π

�
π

−π

cos(
2π

λR

∆z cos θ)dθ

= J0

�
2π

λR

∆z

�
. (1.41)

where J0 is a zero-th order Bessel function of the first kind. It is expected that at low
frequencies the seismic motion will be similar across separation distances of the order
λ and below, so that the coherence will tend to unity as ω → 0. At high frequencies
and/or long separation distances the motion is expected to become uncorrelated and the
coherence will tend to zero. A better understanding of the relation between coherence or

23
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correlation and frequency and distance around gravitational waves detector test masses
is important for the development of Newtonian noise subtraction techniques with high
density sensor arrays. These correlation properties are dependent on the local geology,
seismic sources and large scale infrastructure. A study of the seismic correlation was
performed at the Virgo site and is described in Chapter 3. Subsequently, in Chapter 4,
the results are used as input for models to evaluate Newtonian noise subtraction and
sensor array efficiency.

1.4 Linear control and the Kalman filter

Seismic motion plays an important role in the low-frequency sensitivity of gravitational
wave detectors. Seismic attenuation systems are therefore implemented to isolate detec-
tor components from these vibrations. Chapter 5 describes a vibration isolation system
for Advanced Virgo’s in-vacuum optical benches. A key feature of the system is active
control to suppress the excitation of resonance frequencies. Being able to control any
physical system requires sufficient knowledge of the state of that system. This is achieved
by placing sensors at the relevant positions. However, it is not difficult to imagine con-
trol problems in which it is not possible or undesirable to place sensors at the required
positions, or that the sensors are limited by poor sensitivity. It will be shown that this
is the case for the control of our isolation systems developed for Advanced Virgo. In the
light of these difficulties, it would be desirable to implement a feedback control system
that can compare measurements with a priori knowledge of the system dynamics. The
Kalman filter provides the optimal mathematical formalism to do just that.

1.4.1 State space model

The techniques discussed in this section can be applied to systems whose time evolution
can be described by a series of linear, first-order, time-invariant4 ordinary differential
equations of the form

ẋ(t) = Ax(t), (1.42)

where x is a vector containing the system’s states. Each state describes, for example,
the position or velocity of an object within the system. The time derivative of the state
vector is denoted by ẋ. The state matrix A characterizes the dynamics of the states. It
has dimensions n× n where n is the number of states. The system is then said to be of
order n. This representation can be extended to incorporate feedback control. In such
a case the systems response to an input vector u via an input matrix B needs to be
included. This gives

ẋ(t) = Ax(t) + Bu(t). (1.43)

4Time-invariant implies that the output of the system given an arbitrary input is not dependent on
absolute time.
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1.4. Linear control and the Kalman filter

The measurements of the system y will be a superposition of the system’s states mapped
to the sensor outputs via the sensing matrix C. Any direct coupling between input and
output signals will be described by the feedthrough matrix D, such that

y(t) = Cx(t) +Du(t). (1.44)

The mathematical formalism described by Eqs. (1.43) and (1.44) is known as a state
space representation. A state space representation allows the state of a system (often
referred to as the plant) to be projected forward given the current state and inputs, and
similarly the output of the system can be derived from the input and state. A schematic
illustration of the relationship between the signals and matrices is given in Fig. 1.6.

yx !"
A 

D 

C B 

!"

u 
!"

!"

Plant 

#"x 

Figure 1.6: Schematic illustration of a state space representation. The system’s inputs are
given by u and the measurements from the plant by y. The system’s states are described
by the state vector x. The integral sign

�
represents the computation of x from ẋ.

Transfer function

It is useful to be able to make real measurements of a mechanical system and compare
the results with predictions from a state space model. This can be done by making
transfer function measurements. The transfer function matrix describes the dynamic
relation between each input and each output. For a system with p inputs and q outputs
the transfer matrix will have dimensions p×q. Taking the Laplace transform of the state
space equations (1.43) and (1.44) the following relationship can be obtained

Y(s) = (C(sI− A)−1
B +D)U(s)

= H(s)U(s), (1.45)

where I is an identity matrix, H(s) is the transfer function matrix, and vectors U(s)
and Y(s) are the Laplace transforms of the input signals and output measurements
respectively.

Observability and controllability

Observability of a system assesses the ability to uniquely determine the state given the
available outputs. It is a mathematical property of the model and is related to being
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able to see the contribution of all modes in the output vector. If the system state is not
uniquely determinable from the system’s outputs, then the system model is considered
unobservable. The observability matrix is given by

O =





C

CA

...
CA

n−1




. (1.46)

Mathematically, it is sufficient (and necessary) for a system to be observable [34] if the
rank (number of linearly independent rows, or columns) of the observability matrix is
equal to the order of the system, i.e. rank(O) = n.

Controllability is related to one’s ability to act upon each of the system’s modes from
the inputs. A system is said to be controllable if there is an input that can transfer the
system from one state to another in a finite amount of time [34]. Controllability can also
be described mathematically from the state space matrices through the controllability
matrix,

C =
�
B BA · · · BA

n−1
�
. (1.47)

Once again, for a system to be controllable, rank(C) = n, must be satisfied. A duality
exists between observability and controllability: a realization (A, B, C,D) is controllable
if and only if the dual realization (AT

, B
T
, C

T
, D

T ) is observable and vica versa.

Minimal realization

State space realizations are not unique. State vectors with dimensions larger than the
true system order are feasible without changing the dynamics of the system. A state
space realization is said to be minimal if the model order is minimal. Minimal state
space realizations are linked to observability and controllability in that

• a realization is minimal if and only if it is controllable and observable [35] or,

• only minimal realizations are observable and controllable.

Therefore, a minimal state space realization is a prerequisite for any further feedback
control or observer design.

1.4.2 State observation and the Kalman filter

Feedback control utilizes sensors to measure the state of the system under control, which
is then fed via a controller to the system input or actuator. This approach assumes
that each state of the system is accessible or at least could be calculated directly from
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1.4. Linear control and the Kalman filter

operations on the available measurements. This is not always the case, particularly for
systems with complex internal dynamics or limited sensor capabilities. A strategy to
overcome these issues, by estimating the states of the system from a limited number of
measurements, is called the state observer.

A state observer is a system which models the internal dynamics of the mechanical
system or plant under control. It is fed the same input signals u as the plant, and
produces an estimate of the corresponding states, denoted by x̂. Its estimates of the
output ŷ are compared against the measured output y. The objective is to ensure that
the states of the observer will track the internal states of the plant. The estimated states
of the observer can then be used as the internal states of the plant, and included in the
feedback control scheme. The estimator has the same dynamics as the plant such that

˙̂x = Ax̂+Bu. (1.48)

The output estimate of the observer is

ŷ = Cx̂, (1.49)

assuming, for simplicity, D = 0 in Eq. (1.44). The error between the measurements of
the plant and the estimates of the observer is therefore given by

e = y − ŷ = y − Cx̂. (1.50)

An effective observer has a minimal error. In order to minimize e, an additional term
is added to Eq. (1.48) that is proportional to the error. The observer equation then
becomes

˙̂x = Ax̂+Bu+ L(y − Cx̂), (1.51)

where L is the observer gain matrix which weighs the observer error. It has as many
rows as there are states and as many columns as outputs. Fig. 1.7 shows a schematic
version of Eq. (1.51). Finding a suitable observer gain matrix is the subject of various
state estimation techniques, for example Ackermann’s formula [36] or the Luenberger
observer [37, 38]. Naively, one would think that designing an observer to respond rapidly
to differences between measured and estimated outputs, would be most effective. How-
ever, this strategy makes the state estimates more sensitive to uncorrelated noise in the
system, such as measurement noise at the plant output or the uncertainties in the input
response. Given the statistical properties of the various noise sources and knowledge of
the internal dynamics of the system an ‘optimal’ observer can be devised that minimizes
the mean square difference between the measured (employing the complete history) and
estimated states. Such a state observer is known as a Kalman filter [39, 40].

The Kalman observer takes the measurement noise and process uncertainties into ac-
count by including their statistical properties in the computation of the gain matrix. The
outputs of the plant will be plagued by measurement noise nm, while uncertainties in
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Figure 1.7: Schematic of a state observer. The plant can be described by the state space
matrices A, B and C. The observer has as input both u and the measurements from the
plant y, which it compares with its estimated outputs ŷ. The error is then weighed with
the observer gain matrix L. The observer’s output is the state estimate x̂. The integral sign�
represents the computation of x̂ from ˙̂x.

the model dynamics and input response appear as process noise np. The state equations
then become

˙̂x = Ax̂+Bu+Bnnp,

ŷ = Cx̂+ nm.
(1.52)

The noise terms are assumed to be zero mean and have a Gaussian probability density
function, such that their properties can be described by

E[np] = E[nm] = 0,

E[npn
T

p
] = Qn,

E[nmn
T

m
] = Rn, (1.53)

E[npn
T

m
] = Nn,

where E denotes the expectation operator and Qn and Rn are the process and measure-
ment noise covariance matrices. The covariance between the process and measurement
noises is denoted by Nn. In the case that measurement and process noise are uncorre-
lated, N can be assumed to be zero. Here, the general, correlated noise solution for the
continuous time Kalman filter will be presented. The Kalman observer gain matrix is
then found to be of the form

L = (PC
T +BnN)R−1

n
, (1.54)

in which the error covariance matrix P = E[(x − x̂)(x − x̂)T ] is the solution to the
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algebraic Riccati equation, given by

Ṗ = [A− BnNnR
−1

n
C]P + P [A− CR

−1

n
NBn]

T

− PC
T
R

−1

n
CP +Bn[Qn −NnR

−1
N

T

n
]BT

n
.

(1.55)

Notice that if the measurement and process noises are uncorrelated i.e. Nn = 0, then
Eq. (1.55) simplifies considerably. A number of algorithms can be used to numerically
solve the matrix Riccati equation [41] and are included in most common computational
packages.

An actual implementation of the Kalman filter involves finding suitable values for Qn

and Rn prior to operating the filter. In the case of the measurement noise covariance
Rn this is generally straightforward and involves taking noise measurements or modeling
the self noise of the respective sensors. Small measurement covariances represent reliable
sensors and will subsequently place more reliance on the measured outputs. As for the
process covariance Qn, the choice is often less quantitative. This noise source is often
used to represent the uncertainty in the plant model. A poor model can be compensated
for with a high uncertainty by selecting a high Qn. Moreover, the matrix Qn can be
tuned to find a balance between the filter’s reliance on measurements as opposed to the
model, and vice versa.

The Kalman filter is, in itself, a dynamic system and will adapt to changing values of
Qn and Rn. This is useful when measurement and process noise are not constant. For
example, a radar position sensor will be less accurate for objects farther away, or the
modeled plant may behave differently under varying dynamics. In conditions where Qn

and Rn remain constant, both the error covariance P and the Kalman observer gain
matrix L will quickly stabilize and then remain constant. In this case, one can set Ṗ = 0
in Eq. (1.55) and the filter can be precomputed offline. This is known as the steady-state
Kalman filter.

1.4.3 Linear quadratic regulator

In general, a feedback control system is used to force a mechanical system to obey some
prescribed motion. In many applications (in particular the ones described in this thesis)
the aim of the control system is simply to achieve the greatest possible reduction of
residual motion. Optimal control strategies exist that attempt to minimize a performance
index or cost function that is proportional to the measure of the mechanical system’s
response.

The linear quadratic regulator (LQR) provides an optimal feedback controller for a lin-
ear system based on a quadratic cost function. The cost function is used to balance the
relation between feedback signals u and plant states x and can be tuned to reduce devi-
ations from their desired values. For a continuous-time system described by Eq. (1.43)
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the cost function [42, 43] is given by

JLQR =

� ∞

0

(xT
QLQRx+ uT

RLQRu)dt. (1.56)

The positive-definite symmetric matrices QLQR and RLQR are used to weigh the system
state and control power respectively. These are defined by the control system designer
based on specified control criteria. This usually involves a sequence of trials to tune
the weighing factors to achieve the desired results. It can be shown that the feedback
controller that minimizes the cost function is

u = −Kx, (1.57)

where K is the LQR gain matrix given by K = R
−1

LQR
B

T
P and P is found by solving

the continuous time algebraic Riccati equation,

A
T
P + PA− PBR

−1

LQR
B

T
P +QLQR = 0. (1.58)

This optimal solution does assume that all of the states are available for feedback as in
Eq. (1.57). It has been argued above that this is not always the case. Instead, an observer
can be implemented to estimate all the states from a limited number a measurements.
It can be shown that the characteristics of the observer can be chosen independently of
those for the state feedback system [42]. Effectively, this means that the LQR parameters
will remain the same, regardless of the type or configuration of the observer being used.
This is known as the separation principle. The combination of the LQR controller with a
Kalman filter as an observer, is known as a linear quadratic Gaussian (LQG) controller,
due to the Gaussian characteristics of the Kalman filter noise terms.

The vibration isolation systems described in this thesis go beyond this formalism since
the noise terms are not Gaussian. Therefore, techniques will be used that incorporate
noise shaping filters into the state space models. The shaping filters describe the colored
noise term’s response to a Gaussian input and allow the subsequent extended state space
models to be manipulated using the tools described in this section. The implementation
of a Kalman filter for such a system will be described in Chapter 5.
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Chapter 2
Gravitational wave detection

In the previous chapter it was shown how violent astrophysical phenomena can lead
to fluctuations in the metric that propagate as waves through spacetime. This chapter
will describe how these gravitational waves can directly be detected. The focus will be
on ground based interferometric detectors, starting with an outline of the principles of
interferometric detection, followed by the most relevant limitations to the sensitivity of
these instruments. A detailed description of the Advanced Virgo detector will be given
and this chapter will be concluded with a brief description of Einstein Telescope, a future
generation gravitational wave observatory.

2.1 Interferometric detection

The first prototype interferometric gravitational wave detector was built at the Hughes
Research Laboratories in California in 1971. It had effective arm lengths of 8.5 m and
reached a strain sensitivity of ∼ 10−16 1/

√
Hz at 3 kHz [44]. By the end of the 20th cen-

tury several prototypes were in operation with arm lengths varying from 10 to 100 m [45–
48]. Having proven the principles of interferometric gravitational wave detection, the
next step to kilometer scale detectors with scientifically relevant sensitivities could be
made. In 2002 the first data were taken by the first generation of such detectors. After
several years of commissioning and development, sensitivities as good as 10−23 1/

√
Hz

were achieved by a global network of long baseline gravitational wave detectors.

2.1.1 Interferometric principles

Laser interferometers can be used to make sensitive displacement measurements. A co-
herent light beam generated by a laser impinges on a beamsplitter at 45 degrees creating
two orthogonal beams. The beams are then bounced off highly reflective end mirrors and
are allowed to interfere once back at the beamsplitter surface. An interference pattern
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Figure 2.1: An interferometer can be used to probe the deformations of space as a grav-
itational wave passes. The plus polarization is depicted here during one period of the
gravitational wave.

will ensue that can be detected by a photodiode. The intensity of the measured light
is dependent on the phase difference, and hence the difference in path lengths of the
returning beams. The two beams constitute the interferometer arms and have lengths
L1 ≈ L2 ≈ L, where L = 1

2
(L1 + L2).

An interferometer can detect gravitational waves by monitoring the tidal motion of the
two end mirrors. Fig. 2.1 illustrates the use of an interferometer to probe a passing
gravitational wave. For a wave of plus polarization and amplitude h(t), traveling in the
z direction, each arm will be expanded or contracted by a distance ∆L(t) = 1

2
h(t)L. The

total power P observed by the photodiode at the interferometer output is modulated as

P (t) = P0 sin
2

�
2π

λ
(L1 +

1

2
h(t)L)−

2π

λ
(L2 −

1

2
h(t)L)

�

= P0 sin
2

�
2π

λ
(L1 − L2) +

2π

λ
h(t)L

�

= P0 sin
2[φ0 +∆φ(t)], (2.1)

where P0 and λ are is the input laser power and wavelength respectively. The static
phase φ0 =

2π

λ
(L1−L2) is a chosen working point of the unperturbed interferometer and

phase difference indued by the gravitational wave is given by ∆φ(t) = 2π

λ
h(t)L. Via a

trigonometric transformation and small angle approximation the static and gravitational
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2.1. Interferometric detection

wave contributions can be separated and the total power becomes

P (t) =
P0

2
(1− cos[2φ0 + 2∆φ(t)])

≈
P0

2
(1− cos 2φ0 + 2∆φ(t) sin 2φ0) . (2.2)

In effect, the gravitational wave modulates the phase of the laser, which, in the frequency
domain, appears as so-called sidebands at the gravitational wave frequency.

All current ground based interferometric gravitational wave detectors are based on the
Michelson interferometer, made famous by the luminiferous-ether refuting Michelson-
Morley experiment in 1887 [49]. To increase the sensitivity required for gravitational
wave detection a number of adaptations have been made to the original design. Here
the most important of these will be addressed.

Dark fringe operation

Gravitational waves, or any other path length disturbance for that matter, will produce
fluctuations of the light intensity measured by the photodiode. These are used in a
closed loop feedback system such that any deviation from a prescribed working point is
corrected for by applying a force to one of the mirrors. In this way, the interferometer
is locked and kept around the desired working point on the interference fringe. Within
the bandwidth of the feedback control system, the arm length difference is inferred from
the feedback signal.

A gravitational wave detector is most sensitive when operated in proximity to a dark
fringe. This occurs when φ0 ≈ 0. Most of the light entering the interferometer is then
reflected back to the laser and the intensity at the photodiode is close to minimum.
This has several advantages. The signal-to-noise ratio at the photodiode is optimized
as effectively only the signal photons appear at the photodiode, while noise associated
with the beam source, common in both arms, is rejected. Operation on a dark fringe
also minimizes photon shot noise, a fundamental limit to interferometer sensitivity that
will be discussed in Section 2.1.2.

Power recycling

Another way of suppressing shot noise is to increase the optical power in the interferom-
eter. This is done by using a technique called power recylcing: instead of discarding the
light reflected towards the laser, it can be sent back into the interferometer, effectively
increasing the laser power and the sensitivity of the detector. Fig. 2.2 shows that this is
accomplished by adding a mirror between the beamsplitter and the laser. The position
and reflectivity of the so-called power recycling mirror are chosen such as to form a
resonant cavity with the rest of the interferometer. In this way, most of the light stays
in the interferometer until lost due to scattering or absorption.
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Chapter 2. Gravitational wave detection

Fabry-Perot arm cavities

An ideal interferometer configuration would have arm lengths long enough for the pho-
tons to travel back and forth in the duration of half a gravitational wave wavelength.
This maximizes the integration time in which a photon in subjected to the gravitational
wave. The distance traveled by the photons during the passage of a 100 Hz gravitational
wave would be d = c/f ≈ 3 ·106 m. Arm lengths of 3000 km are obviously unpractical on
Earth so an alternative solution is needed. By placing two partially transmissive mirrors
facing each other, a Fabry-Perot cavity can be made that allows the photons to bounce
back and forth an average number of times. Light entering the cavity will interfere with
light already circulating inside it. If, after a round trip, the light returns in phase with
the impinging light beam, constructive interference will occur and the light will resonate
in the cavity. The amplitude reflectivities r1 and r2 of the cavity mirrors are defined as
the ratio between reflected and incoming light energy r = Eref

Einc
. A cavity can be charac-

terized by its finesse, given by F = π
√
r1r2

1−r1r2
. For highly reflective mirrors (r > 0.9) the

light will survive in the cavity for several round trips. A statistical characteristic of the
photon bounce number N is related to the finesse of the cavity by

N =
2F

π
. (2.3)

For a typical second generation detector with physical arm lengths of L = 3− 4 km, the
finesse is around 400, giving a bounce number of ∼250 and an effective arm length of
Leff ≈ 800 km.

Input mode cleaner

Spatial and temporal fluctuations of the light source can be reduced by implementing
an input mode cleaner. An ideal light source has a spatial profile given by a Gaussian
distribution. In reality higher order spatial modes of the laser also exist and are detri-
mental to the functioning of an interferometer. An input mode cleaner is a triangular
cavity that is tuned to only allow passage of the laser’s fundamental spatial mode. In
addition, it suppresses laser beam jitter: the translational and rotational vibrations of
the incoming laser axis. Moreover, being a suspended cavity with low length noise, it is
used as a first-stage reference for the stabilization of the laser frequency.

Signal recycling

In a similar way as light is recycled at the input, the signal light can also be recycled at
the interferometer output. The signal recycling mirror is placed between the beamsplit-
ter and photodiode, effectively forming an optical cavity with the interferometer. The
signal is reflected back into the interferometer, where it continues to interact with the
gravitational wave, increasing the signal intensity within a certain bandwidth.
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Figure 2.2: Schematic layout a power and signal recycled interferometric gravitational
wave detector with Fabry-Perot arm cavities and an input mode cleaner.

The interferometer’s response to signal recycling can be tuned in two ways: by adjusting
the transmittance of the signal recycling mirror, or by adjusting its position and hence
the length of the cavity. By choosing a position such that the carrier frequency is made
to resonate, the signal can be enhanced within a bandwidth determined by the mirror
transmission. The greater the transmission, the larger the bandwidth. This is referred
to as tuned signal recycling. On the other hand, the position can be chosen such that
particular gravitational wave sideband frequencies are resonant in the signal recycling
cavity which enhances the sidebands within a chosen frequency range. This is known
as detuned signal recycling and allows the sensitivity of a detector to be optimized at
certain frequencies at the expense of broadband measurements. This could be useful to
increase the signal-to-noise ratio of particular sources, for example, binary neutron star
mergers. The detuning is parameterized by the displacement from the signal recycling
mirror’s tuned position, in terms of a phase shift of the carrier laser. Signal recycling
configurations for Advanced Virgo are addressed in Section 2.2.4.

A schematic of a power and signal recycled Michelson interferometer with Fabry-Perot
arm cavities and an input mode cleaner is given in Fig. 2.2.
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Chapter 2. Gravitational wave detection

2.1.2 Limitations to sensitivity

Achieving the required sensitivity to accomplish gravitational wave detection demands
custom built instrumentation and cutting edge technologies. The success of current de-
tectors is a result of decades of intensive study. Ongoing research and development will
be needed to reach future generation detector performance. A detector is designed to op-
timize performance, given the technology available to tackle the associated noise terms
limiting its sensitivity. These limitations can roughly be categorized according to the
frequency region in which they play a dominant role. Here the most significant noise
sources will be discussed, loosely ordered from high to low frequency. For a comprehen-
sive discussion of all noise sources, see Refs. [50] and [51].

Photon shot noise

Shot noise is associated with the discrete nature of photons and electric charges. The
measurement of the optical power at the interferometer output P is essentially a count
of the number of photons N within a certain time interval T . Each photon carries an
energy �ω such that N = PT

�ω . Here � is the reduced Planck constant and ω the angular
frequency of the laser photons. The arrival time of the photons, is governed by Poisson
statistics. When N � 1 the Poisson distribution can be approximated by a Gaussian
distribution with a standard deviation equal to

√
N . This produces fluctuations in the

observed power. According to Eq. (2.2), in the absence of gravitational waves these
fluctuations become

∆Pshot = �ω
√
N

T

=

�
�ωP0

T
| sinφ0|, (2.4)

where P0 is the input laser power and φ0 the static phase difference. We are interested to
know how these fluctuations relate to those we would expect from gravitational waves.
Again, from Eq. (2.2) the variations in power due to a gravitational wave coming from
the optimal direction are

∆Pgw =
P0

2
| sin 2φ0|

4πL

λ
h. (2.5)

The signal-to-noise ratio in the case of a shot noise limited detector is then

SNR =
∆Pgw

∆Pshot

=

�
P0T

�ω
4πL

λ
h

����
sin 2φ0

2 sinφ0

����

=

�
P0T

�ω
4πL

λ
h| cosφ0|. (2.6)
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2.1. Interferometric detection

An important consequence of Eq. (2.6) is that the signal-to-noise ratio, and hence the
performance of an interferometer, can be improved by increasing the laser power and by
operating the interferometer on a dark fringe, i.e. where φ0 = 0.

A simple Michelson interferometer (SM) with power recycling will have an increased
effective laser power. In this case P0 can be replaced by the effective laser power at the
beamsplitter Pbs. Furthermore, the photon counting efficiency is taken into account and
parameterized by η, the quantum efficiency of the photodiode. Typically, the photodiodes
used for gravitational wave detection have η = 0.90 − 0.95. Recall from Eq. (1.25),
that the signal-to-noise ratio for gravitational wave of frequency fgw from an optimally
oriented source is given by SNR = h

�
T/Sn(fgw). By comparison to Eq. (2.6), the

strain sensitivity due to shot noise for a simple Michelson interferometer operated on a
dark fringe then becomes [4]

S
SM

n,shot
(fgw) =

λ

4πL

�
�ω
ηPbs

. (2.7)

For a Michelson interferometer with Fabry-Perot arm cavities (FPM), the response as a
result of the increased effective arm-lengths needs to be taken into account. In this case
the shot noise during dark fringe operation becomes [52]

S
FPM

n,shot
(fgw) =

λ

4πNL

�
�ω
ηPbs

·

�
1 + (4πfgwτs)2, (2.8)

where τs is the photon storage time which is related to the cavity finesse by τs ≈
FL

πc
.

At low frequencies, where 4πfgwτs � 1 the shot noise is frequency independent and is
reduced with respect to the simple Michelson by a factor proportional to the bounce
number. Towards increasing frequencies it is evident that the shot noise will increase with
fgw. This is because the signal-to-noise ratio decreases towards higher gravitational wave
frequencies where the photon storage time becomes larger than λgw/2c, the duration of
half a gravitational wave.

Shot noise is expected to limit advanced detector sensitivity above roughly 300 Hz. An
example of shot noise for an advanced-like power recycled detector with Pbs = 4 kW,
L = 3 km λ = 1064 nm and N = 250, is shown in Fig. 2.3. The shot noise for the same
interferometer without Fabry-Perot cavities is also shown. A significant improvement
due to the increased power in the arm cavities is evident.

Radiation pressure noise

When photons are reflected off a mirror they exert a pressure proportional to twice
their momentum. Fluctuations in the radiation pressure on the interferometer mirrors
can produce differential motion that appears as noise at the output. This noise source
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can be envisaged as a result of the statistical uncertainty in the manner in which the
photons are divided up at the beamsplitter. Each photon is scattered independently and
therefore an anti-correlated distribution in the average number of photons N̄ in each arm
is produced. This results in a fluctuating force from radiation pressure proportional to√

N̄ . In the case of a Fabry-Perot Michelson interferometer this results in an equivalent
strain noise of [53]

S
FPM

n,rp
(fgw) =

8N

mL(2πfgw)2

�
π�Pbs

λc

1�
1 + (4πfgwτs)2

, (2.9)

where m is the mass of the arm cavity mirrors: a larger mass will result in a reduction
of radiation pressure noise. It also appears that reducing the laser power will reduce
the radiation pressure noise, at the expense however, of reduced sensitivity at high
frequencies due to shot noise. Radiation pressure noise for the advanced-like detector
with m = 40 kg is also plotted in Fig. 2.3. Despite the increased laser power in the arm
cavities the resulting radiation pressure noise is still below the shot noise of the simple
Michelson configuration. This suggests that the benefit of arm cavities from shot noise
reduction certainly outweighs the radiation pressure drawbacks.

Another side effect of radiation pressure includes the excitation of optical cavity modes.
These need to be actively suppressed by the angular alignment control systems, which
may introduce control noise. This will be discussed in more detail in Section 2.2.3.

The standard quantum limit

The previous discussions have led to conflicting notions with regard to the optimal laser
power in an interferometer. Shot noise considerations would prefer high laser power,
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while radiation pressure favors low laser power. The two noise sources are, in fact, related
via the Heisenberg Uncertainty Principle [54]. A quantum mechanical description of an
interferometer reveals that shot noise arises from the uncertainty in the phase component
of the laser field while radiation pressure noise is associated with uncertainties in the
amplitude component [55]. Due to their related character, shot noise and radiation
pressure noise are often collectively referred to as quantum noise.

For a given frequency there will be an optimal laser power that minimizes the contri-
bution of the two noise sources. This is known as the standard quantum limit. The
uncertainty principle however, only constrains simultaneous measurements of the con-
jugate variables, but does not put a limit on the accuracy of position measurements.
It is therefore possible to surpass the standard quantum limit by using quantum non-
demolition techniques. A promising technique is optical squeezing [56] which has already
been demonstrated in large-scale detectors [57].

Thermal noise

Thermal noise arises form the thermally driven motion of the molecules in the mirrors,
the high reflective coating layers and the mirror suspensions. Thermal motion excites
the internal mechanical modes of the substrates which begin to resonate. By choosing
low-loss materials, most of the energy can be concentrated close to the resonances, thus
reducing the off-resonance motion. Typically, fused silica is used to fabricate mirrors for
gravitational wave detectors and advanced detectors will also use fused silica wires for the
final stage of the mirror suspensions. Other low-loss materials such as silicon are under
investigation for future generation detectors. Thermal noise is one of the dominant noise
sources in the frequency range of a few Hz to a few hundred Hz. The major contributions
arise from the coating and suspension thermal effects. These can be modeled with the
Fluctuation Dissipation Theorem, which follows from statistical thermodynamics and
relates the fluctuations of a system in thermal equilibrium to the system’s response to
applied perturbations [58]. The suspension thermal noise is then given by [53]

Sth,sus(ω) =
2

L

�
4kBTω2

0
φ(ω)

ωm [(ω2

0
− ω2)2 + ω

4

0
φ2(ω)]

, (2.10)

where kB is Boltzmann’s constant, T is the temperature and the final suspension stage is
modeled by a pendulum with a massm of the mirror, angular resonance frequency ω0 and
suspension loss angle φ(ω). The loss angle describes the damping or energy dissipation
in the system and is defined as the phase lag angle between the displacement of the
mass and any force applied to the mass at a frequency below ω0. It is a function of the
material properties, geometry and the tension forces of the suspension wires. Eq. (2.10)
implies that the suspension thermal noise term hth,sus ∝ 1/f 5/2 and therefore falls off
steeply towards high frequencies.

To achieve the high level of reflectivity, the mirrors of gravitational wave detectors are
coated with multiple layers of dielectric material. In advanced detectors intermittent
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layers of Ti doped Ta2O5 and SiO2 of thickness ∼4.5 µm are applied to the mirrors after
polishing [59]. The equivalent coating thermal strain noise is shown to be [60]

Sth,coat(ω) =
2

L

�
4kBTφeff(1− ν)

√
πwEω

, (2.11)

where w is the half-width of the incident Gaussian laser beam profile, and φeff the
effective loss angle of the substrate and coating materials. Other material properties are
contained in the Poisson ratio ν and Young’s modulus E. Increasing the beam size will
reduce the amount of thermal coating noise. Identifying coating materials with lower
mechanical losses or alternative coating techniques is part of a major research effort for
next generation detectors [61, 62].

Perhaps a more obvious way to combat thermal noise is the reduction of the temperature.
Note however, the Sth ∝

√
T dependence on temperature, which suggests cryogenic

temperatures are needed for any significant improvements in detector performance. This
is the approach adopted by KAGRA, the Japanese second generation detector currently
under construction [63] and the proposed future detector Einstein Telescope. Bearing
in mind that the mirrors are under ultra high vacuum and continuously radiated by
a powerful laser, cooling the mirrors is no trivial task. It is achieved with the use of
mirror, suspension materials and heat links with high thermal conducting properties,
such as sapphire, and through thermal radiation to cryogenically cooled shields around
the mirrors. These techniques were successfully demonstrated in a heroic effort at CLIO,
the Japanese 100 m prototype cryogenic gravitational wave detector, that cooled its test
masses to below 20 K [64].

Seismic noise

The ground moves by several orders of magnitude more than the expected differential
test mass displacement as a result of a gravitational wave. For example at the Virgo
site ground motion has been measured and amounts to roughly 10−9m/

√
Hz at 10 Hz,

whereas a strain sensitivity h ≈ 10−22 at the same frequency corresponds to a differen-
tial displacement ∆l = 1

2
hL ≈ 10−19m/

√
Hz. Therefore a suppression of seismic motion

by about 1010 is required. This is achieved with vibration isolation systems that make
use of harmonic oscillator type mechanical filters such as pendulums and mass spring
systems. The transfer function between the motion of the suspension point and that of
the suspended mass falls off with 1/f 2 above the oscillator resonance frequency. Cascad-
ing a number of such filters allows the transfer functions to multiply. For n filters the
transfer function will fall off with 1/f 2n above the resonance frequencies. In the case of
Virgo, the main optical components (recycling, input and end mirrors, and beamsplitter)
are suspended by 8 m high suspension systems called superattenuators [65]. Although
horizontal motion parallel to the beam is most critical, the vertical motion is also sup-
pressed to reduce vertical to horizontal couplings. The superattenuator implements eight
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stages of horizontal isolation with (inverted) pendulums and six vertical stages consist-
ing of cantilever blade spring filters. The penultimate stage of the suspension chain is
the so-called marionette, that supports the mirror by four wires and can be steered via
coil-magnet actuators from the stage above. In this way, the mirror can be controlled in
the translational displacement along the beam axis, as well as the yaw and pitch degrees
of freedom. Fine control is performed by actuation directly on the mirror via a reaction
mass that is also hung from the marionette. A superattenuator is illustrated in Fig. 2.4.

Mechanical ground
and safety structure

Supension wire

Pendulum mass
and vertical !lter

Inverted pendulum 
leg

Cantilever blade 
spring

Marionette

Mirror and reaction 
mass

Base ring supported
by vacuum system

Figure 2.4: The superatten-
uator: a Virgo vibration iso-
lation system for the main
optical components. A chain
of pendulums and vertical
filters provides eight stages
of horizontal isolation and
six stages of vertical isola-
tion. The mirror is suspended
from the marionette that can
be controlled from the stage
above via coil-magnet actu-
ators. Figure adopted from
Ref. [65].

In addition to the main optical components, several other mirrors and optical benches
are isolated from seismic vibrations. Chapter 5 will describe in detail a vibration isolation
system designed to suspend five of Advanced Virgo’s in-vacuum optical benches. Another
approach to seismic noise reduction is to construct the detector at a seismically quiet
location. The origins of seismic motion and a description of a site characterization study
for Einstein Telescope are given in Chapter 3.
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Newtonian noise

In addition to the transmission of seismic motion through the mechanical suspension
systems, the test masses also experience a direct coupling to seismic waves through
the local gravitational fluctuations the seismicity produces. Temporal density variations
arising from seismic motion around the test masses, create varying Newtonian attractive
forces on the test masses. This is known as Newtonian or gravity gradient noise. A
schematic illustration of the Newtonian noise effect is depicted as a time lapse in Fig. 2.5.

Seismic wave

Newtonian 
attraction

Figure 2.5: Schematic of the Newtonian noise interaction between a test mass and a pass-
ing surface seismic wave. The depicted seismic wave could represent vertical displacements
of the surface or density variations within the soil.

Newtonian noise is a direct coupling between the seismic motion and the test masses
and can therefore not be shielded. It scales proportional to the level of seismic activity,
so finding a suitably seismically quiet site for future generation detectors is the first
step in reducing Newtonian noise. In addition subtraction techniques can be employed.
These involve monitoring of the seismic wave fields with arrays of sensors, to subse-
quently predict the Newtonian signal and subtract it from the interferometer output. In
Chapter 4 the full mathematical background to Newtonian noise is given, its effects from
various types of sources are modeled and the effectiveness of subtraction techniques are
demonstrated.

2.2 Advanced Virgo

At the end of 2011, the Initial Virgo detector was decommissioned. This signaled the
start of a major upgrade campaign that will lead to the commissioning of Advanced
Virgo in 2015. The preceding design phase aimed to improve on the sensitivity of Initial
Virgo by a factor of ten across the full bandwidth. This will increase the volume of the
observable Universe, and hence the detection rate, by about three orders of magnitude.
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2.2.1 Design and optical layout

Advanced Virgo is a power and signal (also referred to as dual) recycled Michelson inter-
ferometer with Fabry-Perot arm cavities. Besides the optical components described in
the previous section, Advanced Virgo will include a number of auxiliary optical systems
used for the control, alignment and locking of the interferometer as well as for the detec-
tion of the gravitational wave signal. These optical systems are housed on out-of-vacuum
(external) and in-vacuum benches. A schematic of the optical layout of Advanced Virgo
with a selection of the major optical benches is shown in Fig. 2.6. With respect to the
Initial Virgo configuration the main changes include larger mirrors, higher laser power,
improved vacuum, increased arm-cavity finesse and the adoption of signal recycling. Ta-
ble 2.1 summarizes the main parameters of Initial and Advanced Virgo configurations.

Parameter Advanced Virgo Initial Virgo

Arm length 3 km 3 km
Laser wavelength 1064 nm 1064 nm
Optical power at interferometer input 125 W 8 W
Optical power at test masses 650 kW 6 kW

Mirror material Fused silica Fused silica
Test mass radius 35 cm 35 cm
Test mass weight 42 kg 21 kg
Test mass flatness 0.5 nm rms < 8 nm rms
Arm cavity finesse 443 50
Beam radius at input / end mirror 48.7 / 58 mm 21 / 52.5 mm

Vacuum pressure 10−9 mbar 10−7 mbar
Test mass suspension Fused silica fibres Steel wires
In-vacuum suspended benches 7 2

Binary neutron star inspiral range1 146 Mpc† 12 Mpc

Minimum strain sensitivity 3.4 · 10−24
/
√
Hz

†
4 · 10−23

/
√
Hz

Table 2.1: Main design parameters for Initial and Advanced Virgo configurations. Dagger
(†) denotes anticipated values for detuned operation.

The increased laser power and arm-cavity finesse result in a large amount of optical
power stored in the arm cavities (up to 650 kW per arm). This provides challenging
conditions for the control of the interferometer because of significant thermal lensing
effects of the mirrors. This necessitates complex thermal compensation systems described
in Section 2.2.2. To facilitate the control of the interferometer modulation techniques
are used. Modulation involves the phase shifting of the main laser beam (carrier) at

1This figure of merit indicates to which distance a detector is sensitive to a gravitational wave. It
is calculated from an averaged over all orientations of a gravitational wave signal from a neutron star
binary merger. Both stars have mass 1.4M⊙ and the resulting signal-to-noise ratio is 8.
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 External benches
 In-vacuum benches
 Quadrant photodiodes
EIB External injection bench
SIB  Suspended injection benches
SPRB Suspended power recycling bench
SWEB Suspended west end bench
SNEB Suspended north end bench
SDB Suspended detection benches

PRM  Power recycling mirror
POP  Pick-off plate
CP  Compensation plates
WI / WE West input / west end mirrors
NI / NE North input / north end mirrors
BS  Beamsplitter
SRM  Signal recycling mirror
OMC  Output mode cleanerWI
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Figure 2.6: Schematic layout of the Advanced Virgo gravitational wave detector. A selec-
tion of the major optical benches is shown along with the quadrant photodiodes related to
the angular alignment of the interferometer mirrors.

a chosen modulation frequency. As a result, some of the carrier energy is transferred
to what are known as sidebands related to the modulation frequency. The modulation
frequencies are chosen such that the sidebands resonate in different parts of the detector,
in this way independently probing the interferometer’s various degrees of freedom. The
signals are extracted at various ports and by demodulating at the sideband frequencies
provide sensing for the control of the relevant degrees of freedom. Advanced Virgo will
utilize four modulation frequencies. The precise modulation frequency and position of the
interferometer mirrors (given the constraints of the existing infrastructure) are chosen
to fulfill the following criteria [66]:

• All sidebands must be transmitted by the input mode cleaner.
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• The sidebands generated by modulation frequency f1 must resonate in the power
recycling but not in the arms or the signal recycling cavity.

• The sidebands generated by modulation frequency f2 must resonate in the power
and signal recycling cavities but not in the arms.

• The sidebands generated by modulation frequency f3 must not resonate anywhere
in the interferometer.

• The fourth modulation frequency is similar to f2 except that the sidebands gen-
erated by f4 should have a very low finesse in the recycling cavities.

The first three modulation frequencies are sufficient to control the interferometer during
steady state operation while the fourth is foreseen only to be used during the commis-
sioning phase. Its low finesse in the recycling cavities makes it less susceptible to mirror
(thermal) deformations and therefore useful for interferometer locking before the ther-
mal compensation system is fully operational. The optical paths in which each of the
modulation sidebands will be resonant and their respective frequency values are indi-
cated in Fig. 2.6. Modulation frequency f4 is excluded in the figure as it is similar to f2

but its frequency is set to 131.686317 MHz.

The Advanced Virgo design sensitivity for a configuration with full laser power and
broadband signal recycling is shown in Fig. 2.7. It is evident that the major noise
contributors are shot noise at high frequencies (contributing to quantum noise) and
thermal noise, both suspension and coating, at low and intermediate frequencies. The
result of the seismic attenuation system efforts in suppressing seismic noise are evident
in the steep ∼ 1/f 14 fall off of seismic noise (solid yellow curve). Newtonian noise,
calculated here for average seismic activity, is not limiting sensitivity but will do so
during high seismic motion. This will be addressed further in Section 4.5.

2.2.2 Thermal compensation

One of the major differences between Initial and Advanced Virgo interferometer config-
urations is the increased circulating laser power and the presence of the signal recycling
cavity. Although these modifications provide an improved sensitivity they also add to
the complexity of the detector. One crucial implication is that of the thermo-optic and
thermo-elastic deformation of the mirrors due to the thermal power deposited by the
laser. This gives rise to wavefront distortions in the signal and power recycling cavities
and changes the profile of the reflective surface of the test masses. Simulations have
shown that deformations of up to 50 nm, corresponding to an error in the radius of
curvature of the optics of roughly 1500±44 m, can be expected during full power op-
eration of Advanced Virgo [66]. A thermal compensation system has been designed to
counteract these effects. It consists of the following subsystems:

45



Chapter 2. Gravitational wave detection

10
1

10
2

10
3

10
4

10

10

10

Frequency [Hz]

S
tr

a
in

 [
1

/
H

z
]

 

 

Quantum noise

Newtonian noise

Suspension thermal noise

Coating thermal noise

Seismic noise

Excess Gas

Total noise

Figure 2.7: Advanced Virgo design sensitivity for a configuration with full laser power,
power and broadband signal recycling. The neutron star-neutron star and black hole-black
hole merger ranges are 134 and 1191 Mpc respectively.

• Ring heaters. These are circular heating coils placed around the recycling and test
mass mirrors. They radiate energy along the circumference of the mirrors, and in
this way, are able to dynamically restore the proper radius of curvature.

• Auxiliary CO2 lasers that illuminate the appropriate heating pattern on additional
transmissive optics in the recycling cavities. The additional optics, known as com-
pensation plates (see Fig. 2.6), are suspended from the same suspension system as
the input mirrors and allow control of the thermal deformations in the recycling
cavities independent of the control of the radius of curvature of the input test
masses. The heating pattern manipulates the optical path length in the compen-
sation plate and therefore allows control of the beam wavefronts in the recycling
cavities.

• A series of sensors such as Hartman wavefront sensors as well as output channels
from the interferometer itself. These are able to detect the aberrations in the beam
wavefronts to be used in the thermal compensation control system.

• A special type of wavefront sensor is the phase camera, currently under develop-
ment at Nikhef [67]. It is able to take a snap-shot of the spatial amplitude and
phase profile of the carrier beam as well as of the individual modulation sidebands.
These results are also used in the feedback control system.
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The thermal compensation system relies on active feedback and is able to dynamically
alter the wavefronts in the optical cavities. It is the first of such adaptive optics systems
to be implemented in a long baseline interferometer.

2.2.3 Angular alignment and control noise

The Advanced Virgo configuration requires more sophisticated control strategies than
Initial Virgo. Due to the improved target sensitivity the controls need to be more accu-
rate and less noisy. At the same time, the signal recycling cavity increases the number of
degrees of freedom that need to be controlled, while the increased laser power introduces
stronger mirror motion due to radiation pressure effects.

Once the interferometer has been brought near its working point, the laser power will
be increased. In the arm cavities, where the stored laser power will be as high as 650
kW per arm in the final configuration, the effects of radiation pressure will be largest.
Mirror motion induced by these effects will need to be controlled in order to keep the
interferometer in stable operation over long periods of time. The angular alignment of
the mirrors with respect to the beam axis will be most challenging. The misalignment
of a single cavity exists in two modes each for the yaw (θy) and pitch (θx) degrees of
freedom. The modes are referred to as the (-) mode and the (+) mode. They are depicted
in Fig. 2.8a. A misalignment will cause the cavities to no longer be optically resonant
and the stored power will diminish, allowing the mirrors to return to their equilibrium
position. If left uncontrolled, the modes will oscillate at their resonance frequency. Dur-
ing Advanced Virgo full power operation the (+) and (-) modes are expected to have
resonance frequencies of 3.5 Hz and 1.1 Hz respectively.

The modes of the entire interferometer associated with the cavity misalignments are
described by Comm(+), Comm(-), Diff(+) and Diff(-) and depicted in Fig. 2.8b for the
yaw direction. In addition to these modes the alignment of the power and signal recycling
mirrors and beamsplitter need to be controlled. This will be done with the quadrant
photodiodes shown in Fig. 2.6 (B1, B1s, B1p, B2, B4, B7 and B8). The sensing of the
alignment modes and their associated photodiode signals are summarized in Table 2.2.
For a detailed description of the control scheme see Chapter 8 of Ref. [66].

The control schemes were designed such that the control noise, when projected to a
strain noise at the interferometer output, will remain a factor of 10 below the target
sensitivity. Simulations were made [68] for the various control schemes assuming that
the photodiodes will be limited by shot noise. That is, no other sources of noise were
considered. From the simulation results it was apparent that the most critical alignment
modes, in terms of control noise, are the (-)modes. These are controlled by the DC signals
on the terminal bench photodiodes (B7 and B8). It is therefore important that these
sensors are shot noise limited, so as not to introduce any further control noise. The DC
signals measure the relative displacement between laser beam and quadrant photodiode.
Therefore, any bench motion will replicate beam displacement due to a misalignment of

47



Chapter 2. Gravitational wave detection

(-) mode (+) mode

(a)

Di!erential (-)Common (-)Di!erential (+)Common (+)

(b)

Figure 2.8: Radiation pressure effects on mirror misalignment. (a) In a single Fabry-
Perot cavity the misalignments can be described by the minus (-) and plus (+) modes. (b)
Schematic of the misalignment modes of the full interferometer (only the yaw modes are
shown).

Alignment mode Photodiode sensing signal

Diff(+) B1p demodulated at f2
Diff(-) Difference of DC signals at B7 and B8
Comm(+) B2 demodulated at f3
Comm(-) Sum of DC signals at B7 and B8
Power recycling B4 demodulated at f1
Signal recycling DC signal at B1p
Beam splitter B4 demodulated at f2

Table 2.2: Interferometer angular alignment modes and corresponding photodiode sensing
for alignment control scheme [66].

the cavity mirrors. The bench motion must be low enough that displacement noise does
not exceed the shot noise limit of the photodiodes. This places stringent requirements
on the bench seismic isolation systems. Chapter 5 will describe a multi-stage isolation
system designed for the suspension of the five in-vacuum benches foreseen to house the
angular alignment sensing optics.
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2.2.4 Sensitivity evolution

Advanced Virgo will undergo a series of commissioning steps before the final design sen-
sitivity is reached. Each step will increase the complexity of the interferometer operation
by, for example, adding more laser power or incorporating the signal recycling cavity.
Advanced Virgo is foreseen to initially operate at a lower laser input power of 25 W
without the signal recycling cavity in use. This will allow the scientists and engineers
to get to grips with the detector before pushing on to higher power operation and more
complex configurations. Once a sufficient sensitivity has been accomplished (approxi-
mately 40 Mpc) the commissioning phases will be interspersed with periods of scientific
data taking [69].
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Figure 2.9: Evolution of Advanced Virgo sensitivity. Initially the detector will operate with
low laser power (25 W) and no signal recycling (solid blue curve). The laser power will be
increased to its design value of 125 W (dashed magenta curve) and the signal recycling
mirror will be incorporated. The latter can be tuned to optimize broadband sensitivity,
with transmittance of 20% (dash-dotted green curve), or detuned to 0.35 rad to optimize
sensitivity to signals from neutron star-neutron star binaries (solid red curve). The indicated
ranges (in Mpc) correspond to neutron star-neutron star and black hole-black hole mergers.

The sensitivity of proposed Advanced Virgo configurations is shown in Fig. 2.9. The
design sensitivity given the initial configuration is shown by the solid blue curve. An
increase in laser power to 125 W (dashed magenta curve) shows improved high frequency
sensitivity, due to shot noise reduction, at the expense of increased radiation pressure
noise at low frequencies. As mentioned earlier it is possible to adjust the signal recycling
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mirror position and transmittance to achieve broad or narrowband enhancement of the
gravitational wave signal. For the Advanced Virgo baseline broadband signal recycling
configuration, a transmittance of 20% was chosen (dash-dotted green curve). Proposed
narrowband operation involves a transmittance of 20% and a detuning of 0.35 radians.
These values were chosen to optimize sensitivity to signals from neutron star-neutron star
and black hole-black hole binary systems, with an emphasis on the former sources [70].
The solid red curve in Fig. 2.9, showing the design sensitivity under these conditions,
indeed shows an improved sensitivity in the 50-400 Hz range, but reduced sensitivity
elsewhere, particularly above 500 Hz.

2.3 Global detector network

The study of gravitational waves requires a number of detectors located around the globe.
This has two main reasons: coincidence of detections, and sky localization. Measuring a
gravitational wave in coincidence at a number of distantly separated locations, increases
the confidence of the signals coming from extraterrestrial sources, rather than from
technical glitches in the detector outputs, which are expected to be uncorrelated. This
is of particular importance for the first direct detections of gravitational waves. To
claim such a monumental discovery, one would need to substantiate it with simultaneous
signals (or those arriving within the appropriate time frame) at at least two, preferably
three detectors or with an electromagnetic counterpart.

In addition, in order to locate the position of the source in the sky, triangulation tech-
niques are used based on the arrival times at the various detectors. The more detectors
and the further away they are separated, the better the accuracy of the sky localization.
This is not only of cosmological interest but also essential for so-called electromagnetic
follow up. This involves using available optical telescopes to probe the sky for signals
of electromagnetic counterparts to astrophysical phenomena, such as supernova and bi-
nary mergers. Sky localization by gravitational wave detection will be poor by optical
telescope standards. To be able to quickly scan the relatively large area of designated
sky (roughly between 3 and 50 square degrees for advanced detectors [71]), dedicated
telescopes for gravitational wave follow up have been proposed and are under construc-
tion [72]. Correlated gravitational, electromagnetic and neutrino detections will play an
important role in the discovery and subsequent study of astrophysical phenomena [73].

Next, we briefly discuss the partners in the global gravitational wave detector network.

Virgo

The Virgo detector is situated 15 km southeast of Pisa, in Tuscany, Italy. The facilities
are administered by the European Gravitational Observatory (EGO) [74], an Italian,
French and Dutch consortium. The Initial Virgo detector engaged in a number of periods
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Figure 2.10: Global net-
work of gravitational wave de-
tectors; Advanced Virgo in
Italy, two Advanced LIGO
detectors in Washington and
Louisiana, USA, and a third
LIGO-India detector in In-
dia (precise location not yet
known), GEO600 in Germany
and KAGRA in Japan.

of scientific observation, also known as science runs from 2006 to 2011 and reached
a sensitivity of 5 · 10−23

/
√
Hz around 100 Hz with unprecedented sensitivity at low

frequencies (see solid red curve of measured sensitivity in Fig. 2.11). Currently Virgo is
undergoing an upgrade to its advanced configuration and is expected to have a first lock
with power recycling in 2016.

LIGO

The LIGO collaboration operates three gravitational wave detectors in the USA. During
the first generation of these instruments, one 4 km detector was situated near Livingston,
Louisiana, and another 4 km detector was located near Hanford, Washington. The third
detector had 2 km arm lengths and was operated alongside the 4 km interferometer at
the Hanford site, utilizing much of the same vacuum system. The first joint science run
of the LIGO detectors started in 2002. After several years of intermittent science runs,
upgrades and commissioning, the design sensitivity of the 4 km detectors of 2·10−23

/
√
Hz

around 200 Hz was reached (see dashed blue curve of measured sensitivity in Fig. 2.11).
The last first generation science run ended in October 2010 and signaled the start of
preparations for the upgrade to Advanced LIGO. The first Advanced LIGO science run
is expected to take place in 2015.

In addition, a project known as LIGO-India has proposed a joint venture between LIGO
and a consortium of Indian universities and institutes to house the third Advanced
LIGO detector in India, instead of the initial location alongside the Hanford detector.
An obvious scientific gain is an increase in the baseline between the detectors, and hence
an improved sky resolution (see Fig. 2.10, the precise location of the Indian detector is
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not yet known). This proposal has gained much momentum in the past year and sights
are set on having the 4 km LIGO-India interferometer up and running by 2019 [75].
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Figure 2.11: Measured sensitivities of the first generation GEO600, LIGO and Virgo
detectors, and the design sensitivity of the (detuned) Advanced Virgo, Advanced LIGO
and KAGRA detectors.

GEO600

GEO600 is a British/German detector with arm lengths of 600 m constructed near
Hannover, Germany [76]. It is unique in that instead of Fabry-Perot cavities it uses
folded arm cavities to create a 4 pass delay-line interferometer. It achieved first lock
in 2001 and is a useful test-bed for advanced detector technologies. Techniques such
as signal recycling, fused-silica suspensions and squeezed light have successfully been
implemented in GEO600. Despite its small size it has achieved sensitivities comparable
to the first stages of LIGO and Virgo operation. The next phase of this detector is known
as GEO-HF and will concentrate on improved high frequency sensitivity.
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KAGRA

KAGRA is a Japanese initiative to build an advanced era gravitational wave detec-
tor [63] with arm lengths of 3 km and cryogenically cooled test masses. It will be built
underground in the Kamioka mine so that it can profit from the seismically stable and
quiet conditions. Construction of the tunnels and underground facilities is currently un-
derway as is the fabrication of the vacuum facilities and seismic attenuation systems.
The proposed sensitivity of KAGRA is similar to that of Advanced LIGO and Advanced
Virgo and is expected to partake in joint science runs starting in 2018 (see dash-dotted
magenta curve in Fig. 2.11).

CLIO, a prototype to KAGRA was constructed in the same mine, had arm lengths of
100 m and demonstrated the principles of interferometer operation with cryogenically
cooled sapphire mirrors. KAGRA itself, will be an important test case for future gener-
ations of detectors that intend to like-wise implement test mass cooling and operate in
underground locations.

2.4 Einstein Telescope

Looking beyond the era of advanced detectors, one may ask: what next? An upgrade of
the advanced detectors will allow them to surpass their current design sensitivities by
small factors. A number of studies are already underway to investigate the feasibility of
such upgrades [77, 78]. However, these detectors will eventually be limited by their avail-
able infrastructure and to make significant improvements on the sensitivity of advanced
detectors, new facilities will need to be built. Einstein Telescope is a European project
to establish the conceptual design for a third generation gravitational wave detector [61].
Einstein Telescope will be a gravitational observatory that improves on the sensitivity
of advanced detectors by about a factor of 10, and extends the detection band down to
2 Hz.

2.4.1 Design concept and sensitivity

Einstein Telescope will consist of three nested detectors, interlocked around an equilat-
eral triangle, so that each side of the triangle houses two arms of a detector and each
corner the central part of the interferometers. Arm lengths of 10 km will be used in
order to suppress displacement noise to tolerable levels. Fig. 2.12a shows a basic layout
of the three detectors. In contrast to the traditional L-shaped geometry of the first and
second generations of gravitational wave detectors, this arrangement is equally sensitive
to both polarizations of the gravitational wave. Additionally, it shows a more isotropic
antenna pattern compared to the L-shaped detectors [61]. This comes at the cost of
reduced sensitivity due to the more acute angle, which amounts to a loss in performance
of about 18%.
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(a) Einstein Telescope layout
with three nested detectors in a
triangular arrangement.
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(b) Each Einstein Telescope detector comprises a low and a high
frequency interferometer that produce a combined total sensitiv-
ity for a single detector.

Figure 2.12: Einstein Telescope layout and sensitivity.

An important feature of Einstein Telescope is its so-called xylophone configuration [79].
This means that each detector is made up of two interferometers, one designed to op-
timize sensitivity at low frequencies and the other at high frequencies. This choice was
made in order to partially separate the shot noise vs. radiation pressure and high laser
power vs. cryogenic optics dualities. This is based on the following considerations for
each type of interferometer:

• Low frequency interferometer: features low laser power in combination with
cryogenic optics in order to suppress radiation pressure and thermal noise re-
spectively. It will require large seismic attenuation systems and Newtonian noise
subtraction techniques as these noise sources will be the limiting factors at low
frequencies.

• High frequency interferometer: features high laser power and is operated at
room temperature. This suppresses shot noise at high frequencies at the cost of high
thermal noise at lower frequencies. The requirements of the seismic attenuation
systems can therefore by relaxed, as can the test mass weight that would otherwise
need to be very large in order to combat radiation pressure noise.

Each individual interferometer has a classical dual-recycled Michelson topology with
Fabry-Perot arm cavities. The design sensitivity of both interferometers and the com-
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bined sensitivity of an Einstein Telescope detector are shown in Fig.2.12b while the
proposed interferometer configurations are given in Table 2.3.

Parameter ET-HF ET-LF

Arm length 10 km 10 km
Laser wavelength 1064 nm 1550 nm
Optical power at interferometer input 500 W 3 W
Optical power at test masses 3 MW 18 kW

Mirror material Fused silica Silicon
Test mass radius 62 cm >45 cm
Test mass weight 200 kg 211 kg
Test mass temperature 290 K 10 K
Scatter loss per surface 37.5 ppm 37.5 ppm
Arm cavity finesse 880 880
Beam radius at mirror 72 mm 90 mm

Vacuum pressure 10−10 mbar 10−10 mbar

Binary neutron star inspiral range ∼10 Gpc (total sensitivity)
Maximum strain sensitivity 9 · 10−25

/
√
Hz 3 · 10−25

/
√
Hz

Table 2.3: Main design parameters for Einstein Telescope’s low and high frequency inter-
ferometers.

2.4.2 Noise budget

Fig. 2.13 shows the projected noise budgets for Einstein Telescope’s low and high fre-
quency detectors [79]. At low frequencies, Newtonian noise is expected to be the major
contributor to noise between 2 and 6 Hz. Below 2 Hz, the observatory will be limited
by ground vibrations coupling mechanically through the conceived seismic isolation sys-
tems. The sensitivity of Einstein Telescope’s high frequency detector will be mainly
limited by thermal and shot noise and not by seismic or Newtonian noise.

Achieving the Einstein Telescope low-frequency goals is closely linked to seismic motion
at the chosen site. Thus, finding a suitably quiet seismic environment is an important
first step in realizing this sensitivity. The level of seismic noise assumed in Fig. 2.13 is
derived from seismic studies presented in Chapter 3 and set to 0.5 nm/

√
Hz (Hz/f)2

above 1 Hz. These levels of seismic motion are achievable at underground sites and
perhaps at remote surface locations [80]. A site with lower seismicity would simply reduce
the seismic and Newtonian noise contributions. A reduction of Newtonian noise by a
factor of 3 would, on average, be sufficient to let other noise sources, such as suspension
thermal and quantum noise dominate. Further reduction of Newtonian noise is possible
only through subtraction techniques. The techniques under development [81, 82] (see
Chapter 4) are based on closely monitoring the surrounding geology with high density
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sensor networks, which allows to predict the resulting Newtonian noise for each test
mass. These predictions can then be subtracted from the interferometer output, in this
manner providing an effective reduction in the Newtonian noise.

2.4.3 Site and infrastructure

The baseline Einstein Telescope design includes an underground location. Sources of
seismic waves in the frequency range of interest to gravitational wave detectors (> 1 Hz)
predominately originate from and propagate mainly on the surface. Moving the detector
underground has the advantage of providing a controllable, stable and seismically quiet
environment. In addition, effects from atmospheric conditions such as wind and pressure
fluctuations will be suppressed. The construction of underground facilities at a scale
required for Einstein Telescope is, needless to say, a formidable task. An objective of the
design project is to conceive an infrastructure that will suffice the needs of a gravitational
wave observatory for many generations to come.

An artists impression of an Einstein Telescope corner station is depicted in Fig. 2.14. The
central interferometer of one of the detectors can be seen as well as the end stations of
two other detectors. The vacuum systems of the high and low frequency interferometers
are distinguishable by the respective gray and red colors.

56



2.4. Einstein Telescope

10
0

10
1

10
2

10
25

10
24

10
23

10
22

10
21

Frequency [Hz]

S
tr

a
in

 [
1

/
H

z
]

Quantum noise

Seismic noise

Newtonian noise

Suspension thermal noise

Total mirror thermal noise

ET LF: Total noise

10
1

10
2

10
3

10
4

10
25

10
24

10
23

10
22

10
21

Frequency [Hz]

S
tr

a
in

 [
1

/
H

z
]

Quantum noise

Seismic noise

Newtonian noise

Suspension thermal noise

Total mirror thermal noise

ET HF: Total noise

Figure 2.13: Left: proposed noise budget for Einstein Telescope’s low frequency inter-
ferometer. Seismic noise (dashed brown curve) will limit the sensitivity below 2 Hz and
Newtonian noise (dashed green curve) below 6 Hz. Right: proposed noise budget for Ein-
stein Telescope’s high frequency interferometer. Figure adopted from Ref. [79].

Figure 2.14: Artist’s impression of an Einstein Telescope corner station. The high and
low frequency interferometers are distinguishable by the respective gray and red colors [61].
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Seismic noise

Seismic motion is a major contributor to low-frequency noise in gravitational wave de-
tectors. The origins of seismic motion will be discussed followed by an account of the
seismic characterization studies conducted as part of the Einstein Telescope design study.
Finally, results from seismic correlation measurements carried out at the Virgo site will
be presented.

3.1 Introduction

Seismic motion enters into the output of an interferometer, either via mechanical cou-
pling of vibrations to key optical components or via direct Newtonian interactions be-
tween seismic density fluctuations and the test masses. Either way, seismic motion is
expected to limit performance of gravitational wave detectors below 20 Hz for advanced
detectors and below 7 Hz for future generation observatories. We have shown (see Sec-
tion 1.2) that improving the low-frequency sensitivity of gravitational wave detectors is
crucial to increasing the accuracy of parameter estimation and the likelihood of detect-
ing gravitational waves from certain astrophysical phenomena such as spinning neutron
stars and binary black hole coalescence.

To have a better grasp on the problems associated with these noise sources a compre-
hensive understanding of the expected seismic wave fields is imperative. As part of the
Einstein Telescope design study a seismic noise investigation was conducted, that in-
volved data taking at various sites in Europe and across the globe. In addition, data
were available from about 500 seismic stations that make up the Virtual European
Broadband Seismograph Network (VEBSN) coordinated by ORFEUS (Observatories
and Research Facilities for EUropean Seismology) [83]. Seismic motion in the frequency
range of interest for gravitational wave detectors, predominately originates from human
or wind activity. The resulting wave fields consist mainly of waves propagating along
the surface and vanishing with depth. For this reason there is an emphasis on the re-
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lation between seismic motion and depth. An introduction to seismic wave theory was
given in Section 1.3. In the next section we elaborate on the origins of ambient seismic
noise and discuss the studies performed to characterize seismic environments for Einstein
Telescope.

The concept of seismic correlation, introduced in Section 1.3.2, will be developed fur-
ther in the final section of this chapter, where we present results from seismic correlation
measurements performed at the Virgo site. Seismic correlation is of importance to New-
tonian noise issues. Results from the correlation measurements will later provide input
for Newtonian noise models and subtraction techniques. A thorough investigation of
Newtonian noise is saved for Chapter 4.

3.2 Ambient seismic motion

The term ‘ambient’ refers to motion that is continuously present, in the absence of
unpredictable sources, such as major earthquakes or temporary mining and construction
work. Peterson [84] set out to characterize ambient seismic noise levels on a global scale
over a period of several years, by cataloguing data from 75 seismic stations distributed
worldwide. The results included data from surface and borehole (100 - 340 m depth)
measurements. From the upper and lower bounds of the power spectral densities (PSD)
of all the data, Peterson derived what is now known as the new high and low noise
models (NHNM/NLNM). These provide a means of comparing seismic spectra to global
high and low noise environments. The data and limits are shown in Fig. 3.1.
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Figure 3.1: Overlay of network station spectra used in Peterson’s ambient noise study [84]
together with straight-line segments fitted to the upper and lower bounds of the overlay
that constitute the new high and low noise model. Figure adapted from Ref. [84].
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Sources of seismic motion can be roughly categorized according to frequency. The largest
PSD values are seen at low frequencies where the Earth is subjected to large gravitational
tidal forces due to the attraction of the Sun and the Moon. This causes displacements
of about 0.5 m with respect to the equilibrium position of the Earth’s surface. This
tidal motion can be seen in Fig. 3.1 at periods of about 12 and 24 hours (2.3 × 10−5

and 1.16 × 10−5 Hz). Since this motion occurs at very low frequencies the test masses
of a GW detector interferometer will move coherently. The resulting common test mass
motion presents no problem for GW detection.

The noticeable increase in seismic noise between 0.03 and 1 Hz is known as the ocean
microseism. It is associated with characteristic ocean swell periods and can be linked
to two distinct natural phenomena, producing two microseismic peaks. The first and
weakest peak has a frequency around 0.06 Hz and is a result of ocean waves transfer-
ring energy into seismic motion in shallow water and coastal areas. This motion has
the same frequency as the waves that produce them and is referred to as the primary
microseismic peak. The second and stronger peak is found at around twice the frequency
(0.12 Hz) and is a result of ocean swells of roughly the same frequency, but traveling is
opposite direction. The interaction of these swells produces a combined standing wave
with a frequency of roughly twice the original waves. This is known as the secondary
microseismic peak. It has been shown by us with the Dusel array, that seismic motion
at these frequencies can be correlated with ocean waves from buoy data on the northern
Pacific and northern Atlantic [85]. Similarly in Europe, microseismic activity can be at-
tributed to northern Atlantic ocean activity [86]. Italian sites suffer from an additional
analogous peak around 0.5 Hz as a result of Mediterranean sea activity [87]. The excita-
tion strength of the microseismic peak is therefore dependent on weather conditions on
a continental scale and is sensitive to seasonal variations. In Fig. 3.2a a comparison is
made between winter and summer PSD values at 0.1 Hz for stations in the VEBSN. On
the winters day of February 13 2011 shown in on the left of Fig. 3.2a the stations closest
to the Atlantic ocean tend to have the highest PSD values. A similar trend is seen in the
data taken at 1 Hz in Fig. 3.2b. The inset of Fig. 3.2a shows the PSD values at 0.1 and
5 Hz from the Heimansgroeve station in the south of the Netherlands. Here the seasonal
trend in the 0.1 Hz PSD values is evident, with the lowest PSD values occurring during
the summer months where activity can be as much as 40 dB lower than during noisy
winter days. Meanwhile the 2 Hz data remain steady over the entire year.

In the frequency range of interest for gravitational wave detectors (above 1 Hz), ambient
seismic motion is dominated by wind and human activity. The seismic wave fields from
these sources are excited on (and propagate predominately along) the surface, resulting
in a reduction in seismic motion with depth [88]. The influence of nearby traffic on
GW detectors has been reported at the LIGO [89] and Virgo [90, 91] sites. This so-
called anthropogenic noise is discernible in diurnal patterns in PSD values above 1 Hz,
including a difference between weekend and weekday spectra. VEBSN data for 1 and 5
Hz PSD values are shown in Figs. 3.2b and 3.2c with the insets showing the evolution
of PSD values over the course of one week (Mon April 11 - Sun April 17 2011) at the
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(a) Left: PSD data at 0.1 Hz during a day of high microseismic activity (Feb. 13, 2011). Stations
closest to the Atlantic ocean are effected most. Right: PSD data at 0.1 Hz during a day of low micro-
seismic activity (Aug. 4, 2011). Inset: PSD values for 0.1 (blue) and 2 Hz (red) at Heimansgroeve in
the Netherlands during a whole year. This illustrates the seasonal behavior of microseismic activity.
Black vertical lines indicate days chosen for low and high seismic activity.

(b) PSD data at 1 Hz during a day of high
microseismic activity. The correlation between
PSD value and distance to the Atlantic is weaker
but still noticeable. Inset: PSD values for 0.5
(blue) and 1 Hz (red) over the course of one
week.

(c) PSD data at 5 Hz during a day of high
microseismic activity. At this frequency seismic
motion depends on the local conditions such as
population density and anthropogenic activity.
A diurnal variation can be seen in the inset data
of 2 (blue) and 5 Hz (red).

Figure 3.2: Analysis of VEBSN data from 211 seismic stations in Europe during 2011.
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Heimansgroeve station. A clear daily pattern can be seen in the 2 and 5 Hz PSD versus
time data of Fig. 3.2c. Similar patterns have been attributed to atmospheric effects such
as wind. The presence of wind causes movement of surface objects, such as trees or
buildings, or directly exerts displacements through turbulent pressures on topographical
irregularities [92, 93].

3.3 Seismic characterization studies

As part of the Einstein Telescope design project, a study was performed to determine
seismic noise characteristics at various sites. The study’s objective was to explore poten-
tial locations that exhibit lower seismic power spectral density in comparison with the
current LIGO, GEO600 and Virgo sites, and thus provide a valid estimate of achievable
low seismic noise environments in Europe. During the study the geophysical aspects of
underground infrastructure were also considered. Sites were chosen from varying geolo-
gies such as clay, salt and hard rock. The study includes 15 locations in 9 European
countries, USA and Japan. In the USA two Trillium 240 broadband seismometers were
installed at the Dusel 3D seismic network [94] in Lead, South Dakota. Data were also
taken at the site of KAGRA, the gravitational wave detector currently under construc-
tion in the Kamioka mine, Japan. Close collaboration with the Royal Dutch Meteo-
rological Institute [95] provided cross checks of data and analysis techniques at their
permanent seismic observatory, in Heimansgroeve, the Netherlands.

3.3.1 Measurement procedure and data analysis

The investigation was carried out with two seismic measurement stations. Each station
consists of a Trillium 240 (T240) and a data acquisition system. The T240 is a broadband
low-noise seismometer with a flat velocity response from 4 mHz to 35 Hz and a self noise
below the low noise model from 0.01 to 10 Hz [96]. The seismometer is placed on top of
a granite tile that is fixed to the solid rock floor with tile glue. A polyurethane thermal
and acoustic insulation cover is then placed over the seismometer. The read-out system
of the seismometers comprises a portable data acquisition system consisting of a 19 inch
rack mounted computer with a National Instruments data acquisition card (NI6289), a
low noise pre-amplifier, a battery UPS and a power supply to both the seismometer and
amplifier. The seismometer produces a sensitive measurement of the ground velocity in 3
directions (north, east and vertical) and a number of diagnostic signals. The raw velocity
signals are in the order of tens of millivolts. These are amplified by a factor of roughly
100 to make full use of the analogue-to-digital converter (ADC) input range (± 10 V),
effectively increasing the resolution of the read-out system. The amplifier also included
a low-pass anti-aliasing filter with a -3 dB point at 30 Hz. A sampling rate fs = 128 Hz
was configured and every 128 seconds of data were written to a single ascii data file by
a custom made LabView program. The seismic measurements were made over a period
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of 4 to 7 days. Care was taken to ensure that the measurement time included at least a
weekend and a number of week days.

The measurement noise of the seismic station is dominated by the self-noise of the T240
and the electronic noise Enn from the pre-amplifer. The latter can be decomposed into
voltage, thermal and current noise contributed by the first stage operational amplifier
(INA128) and ADC or quantization noise Dnn at the digitizer. The electronic noise at
the input of the amplifier, can be modeled with the following equations [97]

Enn = V00
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where fcv and fci are the corner frequencies of op-amp voltage and current noise, V00 and
I00 are the high frequency op-amp voltage and current noise PSD levels. The Boltzmann’s
constant kB and temperature T in Kelvin appear in the op-amp Johnson or thermal noise
contribution. The parallel combination of rc (seismometer resistance) and rd (shunt
resistance) is denoted by rp (in this case the shunt resistor was excluded so rd becomes
the input resistance of the op-amp). The terms associated with the ADC noise include
the maximum amplitude of the ADC input, given by A, the amplifier gain AG, the
Nyquist frequency fN = fs/2 and the effective number of bits in the ADC denoted
by enb. All of the values of the parameters mentioned here regarding the T240 seismic
measurements are given in Table 3.1.

Operational amplifier parameters

Type V00[V
2/Hz] fcv [Hz] I00 [A2

/Hz] fci [Hz] AG Gain
INA128 6.4 · 1017 10 9 · 10−26 200 105
ADC parameters

Type A [V] Eff. bits, enb fN [Hz] rc [Ω] rd [Ω]
NI 6289 10 16.5 64 300 1010

Table 3.1: Op-amp and ADC parameters used in the self-noise model calculations.

The electronic noise terms of Eq. (3.1) can be transformed to equivalent seismic motion
via the transfer function of the seismometer [96]. These noise terms are shown in Fig. 3.3
along with the T240 self-noise provided by the manufacturer and the measured ADC
and amplifier noise. The latter was obtained by short-circuiting the amplifier input with
a impedance equal to that of the seismometer output (300 Ω). The ADC and amplifier
noise is consistent with the expected values from Eq. (3.1), the bend in the measured
noise above 10 Hz is due to the seismometer transfer function. This suggests that the
electronic noise is dominated by ADC noise. The total noise of the system stays below
the NLNM between 0.03 and 8 Hz and is dominated by the T240 self-noise, except
between 0.3 and 20 Hz where the ADC noise plays a dominate role.
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Figure 3.3: Noise character-
ization of the seismic data ac-
quisition system. The main
contributor to the electron-
ics noise is ADC and voltage
noise from the first stage op-
amp of the pre-amplifier. The
Trillium 240 self-noise is pro-
vided by the manufacturer.
The total noise is below the
new low noise model (dashed
black curve) between 0.03 and
8 Hz.

The analysis of the seismic data involved Fourier transforms of stretches of data, typically
128 seconds long. The mean of each stretch of data was first subtracted and the data
windowed with a Nuttall window to prevent spectral leakage such that

ṽ[n] = w[n](v[n]− �v�), (3.3)

where v is the raw velocity data and �v� the data average. The window function is given
by w and n is the sample number. A fast Fourier transform was performed on ṽ[n] to
obtain Vk. The one-sided PSD of the seismic motion is then given by

Pvv,k =
2

fs ·N ·W
|Vk|

2
, (3.4)

where N is the total number of samples in the (discrete) time series and k is the Fourier
number related to the frequency f = k

fs

N
. The normalization factor W is to account

for the power lost due to the windowing and is given by W =
1

N

N�

n=1

w[n]2. Typically

we have that W ≈ 0.26. The factor 2 in Eq. (3.4) is to provide a single sided PSD
and assumes that Vk is conjugate symmetric, i.e. ṽ is real, which is the case for seismic
measurements. It is common practice to average PSD values over several time series
to obtain a more accurate estimate of the PSD. We typically combine roughly half an
hour of measurement time by averaging over 14 separate segments containing 128 s of
data. The PSD is given in units of v squared per Hz. The raw seismic data from a T240
corresponds to velocity measurements. It is often more convenient to express the seismic
data in terms of displacement or acceleration. A simple transformation from a velocity
PSD is performed by multiplying or dividing by ω

2 for acceleration ((m/s2)2/Hz) and
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displacement (m2/Hz), respectively. For example, for the displacement PSD we have
Pxx = Pvv/ω

2.

We characterize the sites in terms of rms displacement and their acceleration power
spectral variation. The rms displacement is the square root of the displacement PSD
integrated from the Nyquist frequency to some cut-off frequency fc = l

fs

N
[98], given by

rms(fc) =

���� 1

T

N/2+1�

k=l

Pxx,k, (3.5)

where the measurement period is denoted by T = N

fs
and l is the cut-off frequency index.

The rms values are a convenient way of quantitatively comparing seismic motion from
various sites.

Spectral variation plots are useful as they depict not only the amplitude of the seismic
signal but also the temporal variation of the PSD values, as a percentage of time spent
at a certain level. This is indicated by the color of the plot. For the spectral variation
plots, the PSDs are averaged over a period of half an hour. Averaged PSD values are
then smoothed by taking the mean over values in a constant relative bandwidth of
1/10 decade. (So for low frequencies the averaging is over only a few points, for high
frequencies the averaging is over many more points). For ease of comparison it is common
to include the new high and low noise models in plots of seismic spectra. The spectral
variation plots also contain three solid curves to indicate the mode and the 90 and 10
percentile levels. The mode is the most common PSD value in each frequency bin, and
90 and 10 percentile levels indicate the point under which the PSD will stay for 90 or
10% of the time, respectively.

3.3.2 Measurement sites

Next, we will briefly describe all the locations that were visited to characterize under-
ground seismic motion. The selection criteria for these sites were based on the availability
of a suitable underground measuring location. Gaining safe access to underground lo-
cations with little or no nearby (underground) activity proved challenging. A number
of sites therefore consisted of the major European underground physics laboratories,
while others were decommissioned mines that are being environmentally rehabilitated
or converted for touristic purposes. Sites could generally not be selected on the basis
of suitability for hosting the Einstein Telescope observatory. The main purpose of this
research was to ear-mark a selection of locations for an extensive seismic and geological
study. This consequent study will assess the suitability of constructing Einstein Tele-
scope at or near the location or in similar geological conditions. Section 3.3.3 will address
these ‘candidate’ sites in more detail.

In Fig. 3.4 the site locations are indicated on a map while Table 3.2 lists the sites with
their depth, elevation above sea level and indication of general geology. To ensure some
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Figure 3.4: Map showing the locations of sites investigated during the Einstein Telescope
site studies. Data were collected from the sites indicated by red markers with a dot. Third
party data were used for the locations represented by blue markers. Source: GoogleMaps.

level of seasonal consistency, all the sites, with the exception of Mol, Belgium, were
visited between April 1 and July 30, 2010.

• The Netherlands: Heimansgroeve. The Heimansgroeve is an old quary situated in
the southern tip of the Netherlands. It contains the oldest rock type found in the
Netherlands, from the Carboniferous period; about 360 - 300 million years old. The
stone consists of slate and carbonic sandstone. The Royal Netherlands Meteorolog-
ical Institute (KNMI) [95] has a seismic observatory in a small underground labora-
tory some 10 meters below the surface. Our seismic stations were placed alongside
the institutes’ permanent seismometers, which provided an excellent cross check
between instruments and data analysis. A photo of the measurement setup is given
in Fig. 3.5
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Figure 3.5: Photo of the seismic measurement setup at the Heimansgroeve in the Nether-
lands. Our seismometers are housed in the black acoustic and thermal insulation covers in
the foreground, while the permanent seismometers belonging to the KNMI are visible in
the background. Their instruments are insulated by glass vacuum enclosures.

• Hungary: Gyöngyösoroszi. The Gyöngyösoroszi mine is situated 107 km North-
East from Budapest in the Mátra mountains. This old zinc-lead mine has horizon-
tal access with underground depths ranging from 100 to 400 m at an elevation of
∼400 m. Local rock type consists of volcanic andesite and andesite tuff. An eco-
logical rehabilitation of the neighborhood and mine was started in 2009. The mine
contains a number of long straight drifts of which the longest is 3 km. The seismic
stations were placed 1.4 and 3.8 km from the entrance at depths of 70 and 400
m respectively. There is a permanent seismological observatory of the Hungarian
Academy of Sciences at Piszkéstetö on the site of the Konkoly Thege Astronomical
Observatory. It is situated about 4 km from the mine entrance.

• Romania: Slănic. Slanic-Prahova is located 40 km NE of Ploiesti, or 100 km north
of Bucarest in Romania. Large caverns 30 m wide and 35 m high, dug in salt,
are presently existing and a low background laboratory was successfully installed
in one of the caverns. The salt exploitation ended in 1971, however, another salt
mine is still active in the same salt deposit. For the time being the mine is used for
tourism and medical purposes. Access into the mine is available via an elevator able
to carry up to 10 tons. The current network area of galleries of the Unirea salt mine
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are large, 70 000 m2 with 2.9 million m3 having already been excavated. Nearby
seismic stations show very low seismic activity in the area. Both seismometers were
set-up side by side at a depth of 190 m.

• France: Frejus. The underground laboratory ‘Laboratoire Souterrain de Modane’
(LSM), is located along the road tunnel between the French town of Modane
and Italy. The overburden at this site is 1700 m of hard-rock or 4800 meters of
water equivalent. LSM, in operation since 1982, already hosts two particle physics
experiments requiring an extremely low-background environment to study neutrino
properties and to search for dark matter. A seismic station was set-up next to
NEMO 3, a neutrinoless double beta decay experiment.

• Spain: Canfranc. The Canfranc Underground Laboratory ‘Laboratorio Subterrá-
neo de Canfranc’ (LSC) is located on the Spanish side of the Pyrenees, under the
mountain of ‘El Tobazo’ and has various particle physics programs aimed at very
low background experiments for the study of neutrino properties and the search
for dark matter. It has 2500 m water equivalent overburden at depths of around
900 m and can be accessed via the roadway or decommissioned railway tunnels.
A seismic station was placed in an escape gallery between the road and railway
tunnels at a depth of 800 m.

• Italy: Gran Sasso. The Gran Sasso National Laboratory is the largest underground
laboratory in the world for experiments in particle physics, particle astrophysics
and nuclear astrophysics. It is located between the towns of L’Aquila and Teramo,
about 120 km from Rome. The underground facilities are located on one side of the
ten kilometer long freeway tunnel through the Gran Sasso mountain at an average
depth of 1400 m. They consist of three large experimental halls, each about 100
m long, 20 m wide and 18 m high and service tunnels, for a total volume of about
180,000 cubic meters. One station was setup in a secluded gallery behind Hall A
while another was situated closer to the main tunnel.

• Italy: Sardinia. The Mediterranean island of Sardinia is seismically quieter than
the Italian main land. This is due to its more central position on the European
tectonic plate, as opposed to near its boundary. Measurements were performed in
a mine near Lula, 50 km south of Olbia on the north-eastern side of the island.
This former lead-zinc mine is currently being rehabilitated to allow safe passage
into the mine for tourists.

• Italy: Sicily. The Italkali salt mine is situated near the town of Realmonte on the
southern coast of Sicily, 10 km east of Agrigento. Salt is excavated by creating
huge caverns, some as large as 100 m in length. Measurements were taken at a
depth of about 60 m, at an elevation of 30 below sea level. Both stations were
installed in a storage cavern about 50 meters apart. One seismic station was on
a large concrete pad while the other was placed straight onto the salt floor. The
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mine was still in active use with a nearby conveyor belt in continuous operation
during the measurements.

• Germany: Black Forest. The Black forest observatory (BFO) is a geophysical ob-
servatory in operation since 1972, owned and operated by Karlsruhe University
and Stuttgart University. It is located in an abandoned silver mine and that now
houses various instruments including gravimeters, seismometers, tiltmeters and
strain gauges. The local rock type is granite and the overburden is up to 180 m.
The measurements were taken at a depth of 90 m along side one of the BFO
seismic stations.

• Finland: Sumiainen. The Finish bedrock is amongst the oldest and most stable in
Europe, ranging from 3.5 to 2.6 billion years old. This makes it relatively trivial to
construct underground caverns and tunnels. For this reason much of the infrastruc-
ture in Finish cities is built underground. Finland’s isolation from major oceans
and small population density could prove ideal for a low seismic background en-
vironment. No site was visited but data from an already installed surface seismic
observatory in central Finland, near Sumiainen, were acquired.

• Belgium: Mol. Near Mol in northern Belgium an underground laboratory has been
constructed to investigate the long-term effects of construction in the “Boomse”
clay layer. Clay is impenetrable to water and has self healing properties. For these
reasons it has been proposed as an excellent candidate for the long-term storage
of highly active nuclear waste. The HADES underground laboratory administered
by EURIDICE is situated at a depth of 230 m in a clay layer roughly 150 m thick.
In 2002 a new gallery was constructed, in a cylindrical shape with a diameter of
4 m and a length of 80 m. A seismic station was setup in the new gallery and
measurements were carried out during the Christmas break of 2010.

• Japan: Kamioka. CLIO, a 100 m prototype cryogenic gravitational wave detector
has successfully been built in the former Kamioka mine near Toyama, 200 km
west of Tokyo. The same mine is also home to the Super-Kamiokande neutrino
observatory, and will house the 3 km interferometric gravitational wave detector
KAGRA, currently under construction. Two seismic stations were installed at the
CLIO end stations at depths of around 1000 m.

• USA: Homestake. The Homestake mine is located in the city of Lead close to
the western border of the state of South Dakota. Until its closure in 2002 it was
the largest and deepest gold mine in North America. It is also famous for the
deep underground experiment, set up by Raymond Davis Jr., that was the first
to detect solar neutrinos. Since 2007 the mine is being rehabilitated to house the
Deep Underground Science and Engineering Laboratory (DUSEL). An array of
seismic stations is being installed at depths ranging from 0 to 1500 m and will be
the first of its kind in terms of 3D coverage and depth. Two seismometers have
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been contributed by us to this array and data were taken for several months in
2010 and 2011.

3.3.3 Results from candidate sites

The following section discusses, in more detail, three locations that have been ear-marked
as potential sites for further investigation. The selection was based on the site’s low
seismic environment in the frequency range of interest to GW detectors. Seismic mea-
surement results will be presented and discussed, then summarized for all sites in the
following section. A summary of data from all other sites is given in Appendix A.

Sos Enattos mine, Sardinia, Italy

The Sos Enattos mine, Lula, Sardinia, is a former lead and zinc mine of schist rocks
composed of sphalerite ([Zn,Fe]S) and galena (PbS). It is situated 50 km south of Olbia
on the north-western side of the island, 20 m from the coast. A map of the mine is
shown in Fig 3.6, where the yellow circle indicates the area where the measurements
were carried out. The seismometers were placed at a depth of 189 m, at an elevation of
206 m above sea level. Data were collected from June 31, to July 5 2010.

The spectral variation plots from data taken from the Sos Enattos mine are shown
on the left of Fig. 3.7. The primary and secondary microseismic peaks are visible at
0.08 and 0.2 Hz respectively and are within an order of magnitude of, or touching
the low noise model. This is due to the relatively large distance to the Atlantic ocean
(1000 km to west coast of France). At higher frequencies, between 0.4 and 0.8 Hz an
extra ‘tertiary’ microseismic peak can be seen. This is due a similar effect that cause
the usual microseisms but originates from the Mediterranean sea and is typical of other
Italian sites [99].

In the frequency range from 2 to 20 Hz a large variation in the spectral density is evident.
Observing the spectrogram on the right of Fig. 3.7 that plots the spectral density as
a function of time, it is clear that this variation has a daily pattern, indicating that
the dominant seismic noise at these frequencies originates from anthropogenic sources.
Moreover, in the 2 - 8 Hz range the heightened activity seems to occur during the
late morning, on all days except Sunday. This coincides with the miners schedule of
underground works and tourist activity during these hours.

LSC, Canfranc, Spain

The Canfranc Underground Laboratory is located under the mountain ‘El Tobazo’ in the
Northern Pyrenees, along the 8.5 km road tunnel spanning the French-Spanish border.
Situated under 850 m of rock providing an overburden a 2500 m water equivalent makes
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Figure 3.6: Underground map of the Sos Enattos mine, Sardinia. The yellow spot indicates
the measurement location, at an elevation of 206 m and depth of 189 m.

Figure 3.7: Left: The horizontal acceleration spectral variation from the Italy - Sardinia
site. The ‘tertiary’ microseismic peak as a result of microseisms from the Mediterranean
sea is evident from 0.4 to 0.8 Hz. Large variations at higher frequency are the result of
work in the mine and other anthropogenic activity. Right: The spectrogram of the horizon-
tal motion. Day and night variation is visible as is the morning underground activity on
Thursday, Friday and Saturday.
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it suitable for low background experiments. Access to the laboratory is via either the
road tunnel or the parallel decommissioned railway tunnel.

Seismic measurement stations were set up at two separate locations. The first was just
behind the access door to a small low background laboratory along the railway tunnel.
Due to continuos mechanical activity from pumps and ventilators in the laboratory as
well as nearby construction work at the main laboratory, the data from this station were
deemed unsuitable for background seismic measurements. A second seismometer was
installed in a gallery connecting the road and railway tunnels and acts as an emergency
escape route. This location was half way along the tunnel and 1 km away from the
laboratory and other human or mechanical activity (besides the traffic in the road tunnel
some 50 m away) at a depth of 900 m.

Figure 3.8: Left: The horizontal acceleration spectral variation from the Spain - Canfranc
Underground Laboratory site. The relatively large microseismic peak is a result of the sites
proximity to the atlantic ocean. The small spectral variation at high frequencies is due to
the low population density of the area. Right: The spectrogram of the horizontal motion. No
difference in day and night activity is distinguishable indicating there are no anthropogenic
sources contributing to seismicity at this site. The heightened low-frequency activity at
t ≈ 0.6 days is thought to be an earthquake of magnitude 6.5 originating from the Bering
sea area.

The results from the second Canfranc seismic station are presented in Fig. 3.8 showing
the horizontal spectral variation on the left. The high microseismic peak around 0.2 Hz
is evident, consistent with the relatively close proximity of 130 km to the Atlantic ocean.
At higher frequencies (2 - 20 Hz), the seismicity is low. The variation in the PSD values
at these frequencies is small, having just half an order of magnitude between the 10 and
90% levels. In the spectrogram on the right of Fig. 3.8, the day and night variation, a
measure of anthropogenic activity, is not observed, a result of the very low population
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density of the area and the considerable depth of the site. This is also evident in day
and night ratios to be discussed later and plotted in Fig. 3.10, for this and the other
sites.

Gyöngyösoroszi mine, Hungary

The Gyöngyösoroszi mine in Hungary is a former lead and zinc mine that is currently
being rehabilitated for environmental reasons. This provided an excellent opportunity to
enter safely into the mine without any large scale mining activity nearby. It is situated
107 km north-east of Budapest in the Mátra mountains at an elevation of 400 m above
sea level. The surrounding geology is andesite, an extrusive igneous, volcanic rock. Access
into the mine was possible on an electric locomotive through a horizontal access tunnel.

Figure 3.9: Left: The horizontal acceleration spectral variation from the Hungary -
Gyöngyösoroszi mine site. The microseismic peak drops off quickly providing a low noise
environment above 1 Hz. Right: The spectrogram of the horizontal motion. The large event
after 2 days is an Earthquake in Mexico with a magnitude of 7.2. Day and night variations
due to anthropogenic noise at higher frequencies are still visible.

Two separate seismometer stations were installed at locations along the main drift. At
each site the miners had excavated a small hollow into the tunnel wall so that the
instruments could be safely installed without being inundated by the small, but steady,
flow of water and mud. The first location was 1435 m from the entrance with a rock
overburden of 70 m. The second location was 3750 m from the entrance at a depth of
400 m. A permanent seismic station of the Hungarian Academy of Science was situated
at the surface, just 2.5 km away from the deepest station. Data were also obtained from
this station and compared with the two underground sites. The results show an order
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of magnitude decrease in seismic noise between the surface and underground locations
at frequencies above 1 Hz.

The spectral variation plot of the Gyöngyösoroszi seismic results are plotted on the
left of Fig. 3.9. The microseismic peak at 0.2 Hz is again obvious and its tail drops off
faster than, for example, the Spanish site. From 1 to 8 Hz the acceleration PSD of the
horizontal component stays flat and just 1.5 orders of magnitude above the NLNM. At
higher frequencies the upper limit of the spectral variation increases by another order
of magnitude. This is due to anthropogenic activity that is penetrating down to the
measurement site. Evidence of this can be seen in the spectrogram plotted on the right
of Fig. 3.9, where a clear day and night pattern is visible. The large event after 2 days
is an Earthquake in Mexico with a magnitude of 7.2 [100].

3.3.4 Summary of seismic measurement results

Next we discuss general observations from the seismic survey as well as presenting an
overview of results from all sites.

The relation between seismic noise above 1 Hz and cultural activity has been stressed
several times. It becomes evident in the day to night ratios plotted for various sites in
Fig. 3.10. There is an obvious dependence on day-time activity with day-time spectra
exceeding night-time spectra by up to 30 dB. The Spanish site however, shows no sign
of diurnal variation which can be explained by the depth and remoteness of the site. It
is situated in the northern Pyrenees, where the population density is just 1.38 people
per km2 in comparison with 10, 75 and 180 people per km2 for the Sardinian, Hungarian
and Romanian sites respectively. The extreme ratio of the Romanian site is also due to
daily mining activities in the same salt structure.

The seismic characterization studies focused on underground locations as cultural seis-
mic noise is generated at the surface and reduces with depth. At various sites it was
possible to also obtain seismic data taken at various depths during the same measure-
ment period so that an analysis could be made of seismic noise as a function of depth.
At the Hungarian site, surface data just 2.5 km away from the measurement location
were made available by the Hungarian Academy of Science. These have been plotted
in Fig. 3.11a as a spectral variation along with data taken by us at 70 m and 400 m
depths. At least an order of magnitude difference in seismic power is evident above 1
Hz. Data from the Homestake mine seismic array in South Dakota, USA, were used by
us to characterize underground seismic noise [85]. Average spectra of data taken during
January 2010 at 90, 610 and 1250 m depths are plotted in Fig. 3.11b. They show that
seismic power is nearly two orders of magnitude weaker at the 1250 m than at the 90 m
level.

The horizontal displacement amplitude spectral density (ASD) of the Spanish site and
resulting integrated rms curve are shown in Fig. 3.12. These results represent a low
seismic noise environment. The corresponding rms value at 2 Hz is 0.07 nm.
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Figure 3.10: Midday versus midnight noise PSD ratios as a function of frequency. The
variations show a strong correlation between seismic noise and human activity at frequencies
above 1 Hz. The Romanian site is an extreme case due to the mining activities in the same
salt deposit during data taking.

10-17

10-16

10-15

10-14

10-13

10-12

10-11

 0.1  1

Ac
ce

le
ra

tio
n 

PS
D

 [(
m

2 /s
4 )/H

z]

Frequency [Hz]

Surface
-70 m

-400 m
NHNM/NLNM

(a)

10 10
0

10

10

10

10

10

Frequency [Hz]

A
c
c
e
le

ra
ti
o
n
 P

S
D

 [
(m

/s
)/

H
z
]

 

 

NLNM/NHNM

10

10

(b)

Figure 3.11: Seismic noise dependence on depth. a) Comparison of seismic spectral varia-
tion from the Hungarian site taken during the same period (3 - 6 April 2010) at the surface
and at 70 and 400 m depths. The seismic power is more than an order of magnitude weaker
at a depth of 400 m than at the surface b) Comparison of average seismic spectra measured
at 90, 610 and 1250 m depths at the Homestake mine in South Dakota, USA (1 - 31 Jan
2010). The seismic power is nearly two orders of magnitude weaker at 1250 m depth than
at the 90 m level.
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Figure 3.12: A low seismic
noise environment as mea-
sured at the Canfranc under-
ground laboratory in Spain.
The horizontal displacement
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dashed black curves represent
the Peterson new high and
low noise model spectral lev-
els.

The rms levels for all the locations are given in Table 3.2. An rms cut-off frequency of
fc = 2 Hz was chosen as this is roughly the sensitivity lower bound of proposed future
generation detectors and where Newtonian noise is expected to limit the sensitivity. We
see that the three quietest sites have rms values below 0.1 nm while, by contrast, the
noisiest site (Virgo) has an rms value of 27 nm. We notice a rough trend in rms values
with respect to depth, with generally lower rms values obtained at underground sites,
while most of the surface sites feature amongst the seismically loudest. We have already
shown that there is a strong correlation between seismic noise and depth, however it is
not true that the deepest sites always provide the quietest locations. As we have seen
there is still a strong dependence on nearby cultural activity and population density. In
addition, it is also possible to find surface sites that are as quiet as many of the under-
ground locations. This is an important conclusion as it means that a future generation
detector may be built at a suitable location on the surface, potentially reducing the
construction costs.

A plot of the spectral variation from a selection of sites is given in Fig. 3.13. The
spectral variation is calculated from half hour averaged power spectra. The 90 and 10
percentiles, defined as the level under which the PSD remains for 90 and 10 percent of
the time respectively, provide an indication of the variation in the seismic power. The
transparent color regions of Fig. 3.13 are bounded by the 90 and 10 percentiles while the
solid curves represent the mode or most common PSD value in each frequency bin. For
comparison the spectral variation at the site of the Virgo gravitational wave detector is
also given.

From these results and those given in Table 3.2, we conclude that selecting a suitable
location will improve seismic conditions by several orders of magnitude above 1 Hz. A
realistic requirement for a suitably seismically quiet site for a future generation gravita-
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Location Depth [m] Elev. [m] Seis. rms [nm] Basic geological
(fc = 2 Hz) description

Spain 900 1600 0.070 Granite/limestone
- LSC, Canfranc
Italy 185 205 0.077 Granite/schist
- Sardinia
Hungary 400 400 0.082 Andesite
- Gyöngyösoroszi 70 400 0.12
France 1750 1000 0.10 Basement rock
- Frejus
Japan 1000 358 0.11 Granite/gneiss
- Kamioka
Finland 0 185 0.11 Granite/granodiorite
- Sumiainen
Italy 1400 970 0.13 Sedmentary rock
- Gran Sasso
Germany 95 850 0.20 Granite
- Black forest
USA 1250 350 0.21 Sandstone/granite
- Homestake mine 610 990 0.39
Romania 190 195 0.25† Salt
- Slănic-Prahova
Germany 35 455 0.70 Clay slate/graywacke
- Moxa
Netherlands 10 135 1.1 Carboniferous rock
- Heimansgroeve
Belgium 230 -205 2.1 Clay
- Mol
USA 0 142 3.8 Sedimentary rock
- LIGO, Hanford
Germany 0 64 4.0 Sedimentary rock
- GEO600, Sarstedt
USA 0 -7 4.3 Sedimentary soil
- LIGO, Livingston
Italy 60 -30 9.2† Salt
- Sicily
Italy 0 52 27 Sedimentary soil
- Virgo, Pisa

Table 3.2: Summary of the locations investigated as part of the Einstein Telescope seismic
studies. The seismic noise rms level is obtained from displacement spectra averaged over
several days and integrated for frequencies above 2 Hz. For rms values denoted by a dagger
(†) mining or other underground activities were underway during data taking.
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Figure 3.13: Spectral variation results for various sites. The transparent color regions are
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tional wave detector can now be given. The requirement defines a level below which the
seismic motion, averaged over several days, should remain. We propose that this require-
ment be set by the following parameterization of the average displacement amplitude
spectral density:

�
Pxx(f) = 5 · 10−10

�
1 Hz

f

�2

[m/

√
Hz], 1 < f < 10 Hz. (3.6)

This corresponds to an rms value of 0.1 nm at 2 Hz and an acceleration PSD requirement
that is constant in frequency and given by 4 · 10−16 (m2/s4)/Hz.

Geophysical aspects of (underground) construction will play a crucial role in site selection
and covers a vast number of topics and considerations. Here we will restrict the discussion
to a few general observations. From Table 3.2 we notice that the most seismically quiet
sites are found in hard rock geologies, while the soft geologies such as salt and clay,
feature amongst the highest seismic noise environments. In terms of construction of
underground facilities, rock stability is a crucial factor, which tends to be more favorable
in hard rock geologies. However, rock properties will also play a role in the transfer of
seismic to Newtonian noise as we will demonstrate in Chapter 4.
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3.4 Virgo seismic correlation measurements

The correlation properties of the seismic motion is of importance to the Newtonian noise
problem and in particular to developing an effective subtraction array. For example, large
areas of coherently moving ground mass produce Newtonian noise adding coherently at
the test mass and may require a less-densely populated sensor array to predict the test-
mass motion. On the other hand, smaller areas of incoherently vibrating soil will produce
Newtonian noise that adds incoherently at the test-mass yet will require a denser grid of
sensors to monitor the seismic fields. In addition, the (cross) correlation between sensors
and Newtonian noise is important for developing optimal filters for the subtraction of
Newtonian noise, as we will see later. A theoretical background to seismic correlation
was given in 1.3.2. Here we discuss the measurements done at the Virgo site followed by
a presentation of the results and analysis of the seismic correlation data.

Figure 3.14: Virgo central area indicating station locations for the seismic correlation
measurements. Two Trillium 240 seismometers were used with one permanently stationed
at the site closest to the central building and the other at a distance of 10, 35, 135, 300, 540
and 1500 m (not shown) along the west arm. The measurements were taken in the evenings
after 7 pm when activity at the site was minimal. At each site the Trillium was allowed to
settle for half an hour and then 40 minutes of data were taken. Source: GoogleMaps.

3.4.1 Correlation measurements

Seismic correlation measurements were performed at Virgo during week 26 of 2012.
Measurement stations were set up by digging holes about 10 cm deep to remove veg-
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etation and loose soil. Then a thin layer of cement was used to secure a granite tile
to the ground. Stations were setup along Virgo’s west arm starting outside the central
building between the input mode cleaner and main arm tube buildings. Stations were
situated at distances of 10, 35, 135, 300, 540 and 1500 m from the first (0 m) station.
The measurement stations are indicated by blue markers in Fig. 3.14.

Two Trillium 240 seismometers were used with one situated permanently at the 0 m
station and the other consecutively at each of the other stations. The seismometer was
placed on a tile, water leveled and covered by a polyurethane acoustic and thermal
insulating cover. It was allowed to settle for around 30 minutes and then 40 minutes of
data were taken. Taking data synchronously at both stations is imperative for correlation
measurements. This was achieved with GPS receivers that could be triggered to record
an absolute time stamp, accurate to within 20 ns, on the same trigger that starts the
data acquisition. This was repeated every 128 seconds so the data could later be shifted
by the difference between the two GPS time stamps. Data were sampled at 2048 Hz
providing a timing accuracy of around 1 ms. All measurements, with the exception of
those from the 540 m site, were performed after 7 pm when human activity at the site
was minimal. The wind activity also dropped noticeably in the evening hours.

3.4.2 Correlation results and analysis

The coherence results for all separation distances are shown in Fig. 3.15. As predicted the
coherence is close to unity at low frequencies and short separation distances, and falls off
considerably at higher frequencies and longer separation distances. At a distance of 10
m no significant coherence was detected above 6 Hz, while at 1500 m this threshold has
reduced to 0.5 Hz. Heightened coherence is detected between 1.5 and 3.2 Hz possibly due
to local sources such as traffic on the nearby high-way [90]. Various peaks in coherence
are also observed at higher frequencies, likely a result of other local sources. The generally
poor coherence at the 540 m station can be attributed to the connection of the Trillium
to the ground; also these were the only measurements taken during the day when wind
and human activity were highest.

The poor coherence at frequencies below 0.2 Hz relate to the settling time and thermal
effects of the T240s. The manufacturer recommends a settling time of around 5 hours
in order for the instrument to reach a thermal equilibrium and allow release of any
mechanical stresses. In view of the limited time available to us this was impractical and
was of little significance at the frequencies most relevant for this study.

The correlation (real part of Eq. (1.39)) results for 10 and 35 m separation are plotted
in Fig. 3.16. From these results we can learn more about the dispersive properties of the
soil. An estimate of the wave speed is made as a function of frequency. To do this the
correlation results shown in Fig. 3.16 were divided into frequency bins of width 0.1 Hz
and the data in each bin averaged. The Bessel function of Eq. (1.41) was fit through
the averaged results, with velocity as the only free parameter. An example of such a fit
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Figure 3.15: Coherence results for separation distances of (a) 10, 35 and 135 m and (b)
300, 540 and 1500 m. Even at short distances coherence between seismic motion is lost above
6 Hz, this threshold decreasing with increasing distance to 0.5 Hz at 1500 m. Heightened
coherence is detected between 1.5 and 3.2 Hz possibly due to local sources such as traffic
on the nearby high-way. Various peaks in coherence are also observed at higher frequencies,
likely a result of other local sources. The generally poor coherence at the 540 m station
may be attributed to the connection of the Trillium to the ground, also these were the only
measurements taken during the day when wind and human activity were highest.

for the frequency bin centered around 2.35 Hz is shown in Fig. 3.17a and results in a
wave speed of 368 m/s. The resulting measured velocity profile is shown in Fig. 3.17b
together with an empirical exponential fit given by

cR,Virgo(f) = 150 + 1000e−f/1.5 [m/s]. (3.7)

Based on our velocity profile a model of the correlation can be made based on Eq. (1.41).
The model results have also been plotted for the 10 and 35 m separation distances in
Fig. 3.16 and correspond well with the measured correlation up to frequencies around
the first node of the Bessel function. The physical origin of the dispersive properties
lies in the penetration depth of the surface Rayleigh waves. At low frequencies and long
wavelengths the Rayleigh waves penetrate to greater depths where the soil density is
much higher, allowing them to propagate at higher velocities. A study of the seismic
impact of a nearby wind farm on Virgo was performed by Saccorotti et al. in 2009 [101].
A 2D array of seismometers was deployed close to the wind farm, roughly 7 km from
Virgo’s central building. The inter-seismometer delay times were analyzed to derive the
apparent velocity of the waves impinging on the array. These results are also plotted in
Fig. 3.17b where the gray bars indicate the spread of derived wave speeds adopted from
Fig. 7 of Ref. [101]. The two techniques provide similar results although we estimate the
wave speeds to be slightly higher in the 1.5 - 4 Hz region at the Virgo site.

82



3.4. Virgo seismic correlation measurements

10 10
0

10
1

0

1

Frequency [Hz]

C
o
rr

e
la

ti
o
n

 

 

10 m

10 m model

35 m

35 m model
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measurements are also plotted (dashed black curves). This shows that the models are
accurate assumptions for frequencies below the Bessel functions first node.
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Figure 3.17: The velocity profile fitting process. a) Fitting the Bessel function (black
dashed curve) with wave velocity as only free parameter for measured data averaged in the
range from 2.3 - 2.4 Hz for separation distances 10 and 35 m (blue markers). The velocity
in this case was found to be 368 m/s. b) Velocity profile found from fitting Bessel functions
to the data. An exponential curve was fitted empirically resulting in the velocity profile
approximation of cR(f) = 150 + 1000e−f/1.5 (black dashed curve). The spread in wave
speeds derived by Saccorotti [101] at a nearby site are indicated by grey bars.
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Soil density is a key factor in Newtonian noise calculations. From the velocity mea-
surements we can derive an estimate of the soil density profile at the Virgo site. We
remember from Eq. (1.30) that the wave speed is dependent on the medium density ρ,
the Young’s modulus (which is also dependent on ρ) and the Poisson ratio. We have no
valid assumptions for the Young’s modulus or Poisson ratio. Instead we rely on Gard-
ner’s equation that provides a relationship between soil density and P-wave speed cP .
The equation reads

ρ = αcP
β
, (3.8)

for a soil density in g/cm3 and P-wave speed in m/s. The constants α and β are em-
pirically fit parameters based on in situ results in various geologies. Gardner et al. [102]
proposed that a good fit could be obtained by taking α = 0.31 and β = 0.25. We arrive
at the P-wave speed via the Rayleigh and S-wave speed ratio found with Eq. (1.35) and
the P- and S-wave speed ratio obtained from Eqns. (1.30) and given by

cS

cP
=

�
1− 2ν

2− 2ν
. (3.9)

Literature provides us with estimates of the Poisson ratio for various soil types with
hard rock and concrete having values in the range 0.1 - 0.3 and clay in the range 0.3 -
0.45. As mentioned before, the dispersive properties are associated with the penetration
depth of the Rayleigh waves. We define the penetration depth of Rayleigh waves as
the average depth weighed by the vertical displacement amplitude. This works out to
be 0.25λR. We therefore define a characteristic depth of 0.25λR to which we can now
assign a density value. This definition will not be exact but can give an indication of
the densities we could expect at the Virgo site. The P-wave speed and corresponding
densities for various Poisson ratios have been plotted in Fig. 3.18 as a function of the
characteristic depth.

We see that the estimated density at the Virgo site is around 1.4 g/cm3 within the
first few meters of soil before rising to approximately 1.9 g/cm3 at characteristic depths
of a few hundred meters. The corresponding P-wave speeds range from roughly 400 to
1750 m/s. It should be noted that Gardner’s equation is valid for P-wave speeds in
the range 1000 - 8000 m/s. The shallow depth P-wave speeds presented here fall below
these limits so must be viewed with caution. Such low wave speeds and densities are
however, not unusual for dry alluvial soils [103]. In 2006 Stefanelli et al. combined data
from a microgravity vertical gradient survey with bore hole measurements to estimate
soil densities at the Virgo site, up to depths of 70 m [104]. They presented densities
between 1.5 and 1.7 g/cm3, with a thin gravel layer of density 2.1 g/cm3 at a depth of
roughly 50 m. These values coincide well with those presented here. From these results
we conclude that the average density within the first few hundred meters of the soil
below Virgo can conservatively be estimated at 1.8 g/cm3. Although this is likely to
be higher than the real value for shallow depths, it will not produce an overestimate of
Newtonian noise in subsequent calculations.
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Figure 3.18: P-wave speed and density as a function of characteristic depth for various
Poisson ratio’s. The characteristic depth has been defined as 0.25λR. The results give a
rough indication of the density profile expected at the Virgo site and coincide with those
found in other studies.

3.4.3 Discussion

It has been shown that seismic coherence at the Virgo site drops off quickly at high fre-
quencies with no significant coherence detected above 6 Hz at a separation distance of 10
m. At larger distances this frequency threshold reduces to approximately 1 Hz at 135 m
and 0.5 Hz at 1500 m. High coherence at higher frequencies have been observed and
could be a result of local activity. The correlation analysis for the short baseline stations
at 10 and 35 m separation distances were used to estimate the dispersion properties
of the soil. The corresponding Bessel function model provided an accurate approxima-
tion up to frequencies around the first node. The dispersion relation obtained from the
data at the Virgo site was in good agreement with velocity profiles previously measured
nearby.

Future on-site measurements of seismic correlation would be useful to verify the results
presented here and in particular improve the accuracy of the dispersion model. This
could be done by using more measurement sites with a higher spatial density and by
including locations along Virgo’s north arm. Further analysis can also be done to verify
the origin of high frequency areas of increased coherence to link them to specific sources.
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3.5 Summary

The sources of ambient seismic motion have been discussed and characterized by fre-
quency. VEBSN data from sites throughout Europe were used to illustrate microseismic
activity in relation to a site’s proximity to the North Atlantic ocean. From the same
data we were able to demonstrate the diurnal patterns in seismic noise at frequencies
above 1 Hz which was attributed to cultural noise.

We reported on global seismic noise characterization studies performed by us in conjunc-
tion with the Einstein Telescope design study. These focused on underground locations
in various types of geologies. The seismic studies have revealed that future generation
gravitational wave detectors will be able to benefit from significantly lower seismic envi-
ronments, by up to several orders of magnitude in power spectral density, in comparison
with current detector sites. This amounts to a seismic requirement for Einstein Telescope
of 0.5 nm/

√
Hz (Hz/f)2 above 1 Hz. It is important to note that by simply moving to a

more quiet seismic environment both Newtonian noise and seismic noise will decrease.
When considering a potential gravitational wave detector site, it is important to avoid
nearby industry, busy roads and train routes and highly populated areas. These anthro-
pogenic sources are the main contributor to seismicity above 1 Hz. In general hard rock
underground sites provided the lowest seismic noise. Although some sites were shown to
exhibit clear reduction in seismic noise with depth, it is not the case that the deepest
locations were the quietest. Seismic noise at depth is still strongly dependent on the local
conditions and activity. More importantly, it was also shown that surface sites exist that
provide suitably quiet locations and have the added benefit of not needing expensive
underground construction.

We presented in more detail three sites that have promising seismic noise levels for
a future generation detector. These were the Gyöngyösoroszi mine in Hungary, LSC
in Canfranc, Spain and the Sos Enattos mine on Sardinia, Italy. Further seismic and
geological investigations will need to be carried out at or near these sites to address
issues such as long term (seasonal) seismic characteristics and suitability for underground
construction. In addition, we propose to include a low noise surface site (such as the site
at Sumiainen in Finland) in further investigations. Such a site could have a focus on
understanding how atmospheric effects affect seismicity, and the feasibility of a surface
detector.

Seismic correlation measurements performed at the Virgo site were presented and used to
estimate the dispersion relation of surface waves. From these results it was also possible
to make assumptions about the density of the soil around and below Virgo test masses.
The dispersion and density results will be used as input for Newtonian noise models to
make realistic predictions of Newtonian noise for Advanced Virgo and test optimized
Newtonian noise subtraction techniques.
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Fluctuations of the local gravitational field as a result of seismic displacements will limit
the sensitivity of future generation gravitational wave detectors at frequencies below 6
Hz and will already be visible in second generation detectors below 20 Hz during high
seismic activity. This effect is known as Newtonian noise (NN). To get a better under-
standing of Newtonian noise and its effect on gravitational wave detectors, Newtonian
noise models have been developed both analytically and by using finite element tech-
niques. This chapter introduces Newtonian noise and its mathematical background, then
describes various models and discusses the implications for advanced and future gener-
ation gravitational wave detectors. Results of seismic studies presented in the previous
chapter show that considerable seismic noise reduction is possible compared to what
is achieved at current detector sites, particularly at underground locations. It will be
shown that in addition to a reduction in seismic activity, Newtonian noise subtraction
techniques will also be needed to achieve Advanced Virgo and Einstein Telescope target
sensitivities.

4.1 Introduction

Gravitational wave detectors are designed to measure the spatial and temporal fluctua-
tions as a result of gravitational radiation from astrophysical phenomena. Seismic isola-
tion systems, such as Virgo’s super-attenuator [65], have been developed to suppress the
mechanical coupling of seismic motion into unwanted vibrations of the interferometer
components. However, the seismic motion also creates variations in the local gravita-
tional field, in turn producing fluctuating Newtonian forces on the interferometer test
masses. These subsequently appear as noise at the interferometer output. This so-called
‘Newtonian’ noise is a direct coupling between the interferometer test masses and their
surroundings. Newtonian noise can therefore not be shielded or otherwise mechanically
suppressed. In addition, it cannot be measured directly by any instrument other than
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the interferometer itself (or an equally sensitive gravitational wave detector). Therefore,
ensuring a suitably quiet environment is the first step in reducing the effects of Newto-
nian noise. Newtonian noise is also associated with the movement of other media in the
surroundings of the test masses, such as the atmosphere, but also ventilation fans and
people walking by [105]. Newtonian noise generated by seismic motion has been shown
to produce the largest contribution [106] and will be the focus of this chapter.

4.1.1 Mathematical background

Seismic Newtonian noise is associated with density fluctuations in the surrounding
medium, such as soil or rock. Fig. 4.1 describes the key factors associated with Newto-
nian noise for a gravitational wave detector: A test mass is suspended above or, in the
case of an underground detector, within a medium and is free to move at the passing
of a gravitational wave. A coordinate system, xyz is chosen and the mirror is located
at y. The medium has a static or equilibrium density ρ0 and an instantaneous density
ρ(r, t) caused by the seismic displacement field �ξ(r, t), where r is the position vector. The
position of any volume of soil dV with respect to the test mass is given by r� = r−y. A
Newtonian acceleration a(y, t) is acting on the test mass and can be expressed in terms
of a static contribution astatic(y) plus a Newtonian noise contribution δaNN(y, t) due to
the seismic density fluctuations.

y

x

z r

y r�

δaNN

�ξ(r, t)

d3r

Test mass!

Soil! ρ(r, t)

a(y, t) = astatic(y) + δaNN(y, t)

dV

Figure 4.1: Schematic overview of the mathematical description of Newtonian noise. The
interferometer test mass is suspended at y. A volume dV of soil at r undergoes a seismic
displacement �ξ(r, t). The medium has an equilibrium density ρ0(r) and an instantaneous
density ρ(r, t) = ρ0(r) + δρ(r, t) caused by the seismic wave field.

In the case of seismic motion the continuity equation states that a change in density of
any part of a system is due to the inflow and outflow of material from that part of the
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system. Effectively this means that mass is conserved. It is given by

∂ρ

∂t
+∇ · j = 0, (4.1)

where j is the soil flux in kg m−2s−1. When the ground is displaced by a seismic wave
field �ξ(r, t), the amount of material passing through an arbitrarily small area dS within

the medium, per second at r, is given by j · dS = ρ0(r)�̇ξ(r, t) · dS. Here �̇ξ(r, t) is the
velocity vector field of the seismic motion. For a homogenous medium ρ0(r) = ρ0 and
Eq. (4.1) simplifies to

∂ρ

∂t
+ ρ0∇ · �̇ξ(r, t) = 0. (4.2)

Integrating the above equation with respect to time, gives ρ(r, t) = −ρ0∇ · �ξ(r, t) + C,
where C is an integration constant. When there are no seismic excitations (�ξ(r, t) = 0),
we see that C = ρ0. Thus the density fluctuations as a result of seismic motion are
described by

δρ(r, t) = ρ(r, t)− ρ0 = −ρ0∇ · �ξ(r, t). (4.3)

We can now move to calculating the Newtonian forces acting on an interferometer test
mass. Newton’s second law determines that the acceleration a, due to Newtonian forces,
experienced by the test mass located at position y is given by

a(y, t) = G

�

V

ρ(r, t)
r�

|r�|3
dV, (4.4)

where G is the universal gravitational constant and ρ(r, t)dV represents an infinitesimal
mass element.

By combining Eqs. (4.3) and (4.4) and substituting r�

|r�|3 = k, the differential contribution
to Newtonian noise from density fluctuations as a result of the seismic displacements
within the medium, is given by

δaNN,Med(y, t) ≡ a(y, t)− astatic(y)

= −Gρ0

�

V

(∇ · �ξ(r, t))kdV

= −Gρ0

�

V

(
∂ξx

∂x
+

∂ξy

∂y
+

∂ξz

∂z
)kdV

= −Gρ0

��

S

(ξxknx + ξykny + ξzknz)dS −

�

V

(ξx
∂k

∂x
+ ξy

∂k

∂y
+ ξz

∂k

∂z
)dV

�

= Gρ0

�

V

(�ξ(r, t) ·∇)kdV −Gρ0

�

S

(�ξ(r, t) · n̂(r))kdS. (4.5)

Integration by parts (between step 3 and 4) has been used to separate volume V and
boundary S integral terms. Here n̂(r) = [nx, ny, nz] is the unit vector normal to the
surface.
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The density perturbations of Eq. (4.3) are derived from density variations within a
medium and neglect effects across medium boundaries where the density can no longer be
considered homogeneous. This term therefore only describes a contribution to Newtonian
noise from within the medium. An additional boundary contribution needs to be included
such that the total Newtonian noise, δaNN = δaNN,Med + δaNN,Bound. To illustrate the
origin of the boundary contribution we consider a surface area dS of a rock-air boundary.
Due to seismic vibrations, the surface area displaces air by �ξ(r, t) · n̂ of rock, or vica-
versa creates a void in the surface. Assuming that for small perturbations �n(r) does not
change with time and is evaluated at the unperturbed location of the surface, we can
describe the boundary contribution by

δaNN,Bound(y, t) = Gρ0

�

S

(�ξ(r, t) · n̂(r))
r�

|r�|3
dS. (4.6)

Comparing Eqs. (4.5) and (4.6) we see that the boundary integral term from Newtonian
noise within the medium cancels with the boundary Newtonian noise contribution. This
leaves us with a final total given by

δaNN(y, t) = Gρ0

�

V

(�ξ(r, t) ·∇)kdV. (4.7)

Physically this equation describes the gradient of the position vector k, scaled by the
seismic motion in each respective direction.

4.1.2 Newtonian noise derivation for numerical analysis

Numerical calculations of Newtonian noise require that the above integrals become sum-
mations over discretely sampled finite volumes of simulated media. This is useful, for
example, for finite element simulations. We now rewrite the Newtonian noise equations
into a form that can easily be cast into numerically solvable formulae. The scalar gradi-
ent operator in Eq. (4.7) (�ξ(r, t) ·∇ = ξx

∂

∂x
+ ξy

∂

∂y
+ ξz

∂

∂z
), acting on vector k, yields a

Jacobian type matrix with for the first derivative of component kx:

∂kx

∂x
=

∂

∂x

�
r
�
x

|r�|3

�

=
∂
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�
r
�
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(r�2
x
+ r�2

y
+ r�2

z
)3/2

�

=
1

(r�2
x
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y
+ r�2

z
)3/2

− 3
r
�
x
r
�
x

(r�2
x
+ r�2

y
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z
)5/2

=
1

|r�|5
�
|r�|2 − 3r�

x
r
�
x

�
, (4.8)

and for the general case
∂ki

∂rj
=

1

|r�|5
�
δij|r

�
|
2
− 3r�

i
r
�
j

�
, (4.9)
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where δij is the Kronecker delta function, and the indices take the values x, y and z.
The Newtonian noise term can now be written as

δaNN(y, t) = Gρ0
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 dV. (4.10)

The rotation free property of the gravitational field is evident in the symmetry of the
matrix above. We continue by rewriting Eq. (4.10) as

δaNN(y, t) = Gρ0

�

V

1

|r�|5

�
�ξ|r�|2 − 3(r�

x
ξx + r

�
y
ξy + r

�
z
ξz) · r

�
�
dV

= Gρ0

�

V

1

|r�|5

�
�ξ|r�|2 − 3(r� · �ξ) · r�

�
dV

= Gρ0

�

V

1

|r�|3

�
�ξ − 3(r̂� · �ξ) · r̂�

�
dV, (4.11)

where the unit vector r̂� = r�

|r�| has been introduced and points to the position of the

center of mass of the volume element. Note that Eq. (4.10) can also take the form

δaNN(y, t) = Gρ0

�

V

(∇⊗ k)�ξdV, (4.12)

where ⊗ denotes a dyadic product. The Newtonian noise equations can now be cast into
equivalent numerical approximations given by

δaNN(y, t) = Gρ0

N�

i

1

|r�i|3

�
�ξi − 3(r̂�

i
· �ξi) · r̂

�
i

�
Vi, (4.13)

where i = [1, .., N ] with N the number of discrete elements and Vi the volume of the
i-th element.

Alternatively one could consider the problem from a discrete point of view right from
the start. We will demonstrate that this is mathematically equivalent to the previously
presented expression derived from the continuous case. We now consider one soil volume
element i of mass mi situated at ri. The mass will create a constant Newtonian accel-
eration at a test mass at y of ai. This is shown schematically in Fig. 4.2. The volume
element is then displaced (due to a seismic wave field) by �ξi(t). The element is now situ-
ated at r��

i
(t) = r�

i
+ �ξi(t) (remembering that r� = r−y) and the Newtonian acceleration

gets an additional Newtonian noise term, δaNN,i. The initial Newtonian acceleration is
given by

ai(y, r
�
i
) = Gmiki, (4.14)

while for a displaced element a Taylor series expansion at r�� can be made around r� to
approximate the Newtonian acceleration after the displacement. For simplicity we now
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dmi

yO

r��i (t) = r�i + �ξi(t)
r�iri

δaNN,i(y, t)

dai(y, t)

�ξi(t) Figure 4.2: A point mass
dmi produces a static Newto-
nian acceleration at point y
of ai. When the point mass
is displaced by �ξi(t) an addi-
tional fluctuating Newtonian
noise contribution δaNN,i(t) is
generated at y.

only consider one component of the Newtonian acceleration ax which can be described
by

ax,i(y, r
�
i
+ �ξi(t)) = ax,i(y, r

�
i
) +∇ax,i(y, r

�
i
)�ξi +

1

2
�ξ
T

i
∇

2
ax,i(y, r

�
i
)�ξi +O(�ξi)

3
. (4.15)

Note that ∇ax,i(y, ri�) is the gradient of a scalar function, producing a vector. In the
general case, ∇ai is the gradient of a vector function which is often denoted by the
Jacobian matrix Ja(x, y, z) or by the dyadic product ∇⊗ ai. Similarly ∇2

ax,i(y, r�i) is a
matrix of all second partial derivatives of the scalar function ax,i(y, ri�) and is known as
the Hessian matrix, Ha(x, y, z).

The first term in Eq. (4.15) is the constant acceleration term of a stationary particle
and is of no interest to Newtonian noise. The second or dipole term, contains the first
Newtonian noise contribution and scales with ξ

|r�i|
. The third or quadrupole term also

contributes to Newtonian noise but scales with ( ξ

|r�i|
)2. For Newtonian noise from seismic

motion where ξ

|r�i|
is in the order of 10−6 or less, this quadrupole and all higher order

terms can be neglected. However, for other sources of Newtonian noise where ξ

|r�i|
is on

much larger scales these terms may not be negligible. For example this may be the case
for vibrations of support structures close to the test mass [107], or for objects which
display movement on the same order as the distance to the test mass e.g. ventilation
fans and people walking [105].

Combining Eq. (4.14) with the second term in Eq. (4.15) and exploiting mi = ρ0Vi, we
arrive at a description of Newtonian noise from seismic displacements given by

δaNN,i(y, t) = Gρ0(�ξi ·∇)kiVi. (4.16)

This is an identical result as that found in Eq. (4.7). In the same way presented at
the beginning of this section, Eq. (4.16) can be rewritten into the following identical
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equations

δaNN,i(y, t) = Gρ0(∇⊗ ki)�ξiVi, (4.17)

δaNN,i(y, t) = Gρ0
1

|r�
i
|3

�
�ξi − 3(r̂�

i
· �ξi) · r̂

�
i

�
Vi, (4.18)

where r̂�
i
is the unit vector in the direction of r�

i
. A summation over all mass elements

will provide the total Newtonian noise contribution.

4.2 Surface detector models

In his 1984 article on ‘Terrestrial gravitational noise’ Saulson [108] presents an analytical
solution to the Newtonian noise problem for a homogeneous half-space model. In this way
he is able to estimate Newtonian noise for a surface detector due to density fluctuations
in the atmosphere and ground. This model assumes that all the contributions to seismic
motion and hence Newtonian noise are from compressional (P) waves and that the
seismic fluctuations are coherent over regions of λ/2, where λ is the acoustic wavelength.
In this simplified model of discrete regions Saulson had to introduce an integral lower
cut off (rmin = λ/4) for regions close to the test mass. This was needed in order to
allow the summation over all regions to converge due to the 1/r2 characteristic of the
gravitational field. The resulting equation yields the differential arm cavity motion of
the interferometer mirrors which is four times (in power) the motion of an individual
mirror. It is given by

Xdiff(ω) =
4π
√
3

Gρ0

ω2
Xseis(ω), (4.19)

where G is the gravitational constant, ρ0 is the ground density and Xseis(ω) the seismic
displacement amplitude spectral density. The squared radial frequency ω

2 appears in
the denominator on the right hand side to transform acceleration to displacement.

Thorne and Hughes [109] extend Saulson’s model by expressing Newtonian noise as
a function of a dimensionless factor β. This factor was coined the reduced transfer
function. Its purpose is to account for the coupling of the various seismic wave modes
to Newtonian noise and is constructed out of a weighted sum of the reduced transfer
functions of individual modes. The equation for the differential test mass motion then
becomes

Xdiff(ω) = 4π
Gρ0

ω2
βXseis(ω). (4.20)

Thorne and Hughes go on to derive expected values of β which vary between β ≈

0.35–0.6 and β ≈ 0.15–1.4 for seismically quiet and noisy times respectively, depending
on geology and wave mode composition. Comparing Eqs. (4.19) and (4.20) we see that
Saulson’s estimate of β would have been βSaulson = 1/

√
3 = 0.58 which is easily within the

range given by Thorne and Hughes. The outcome of these models is used to verify later
results and is plotted in Fig. 4.12. The model can also be applied to data from seismic
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Figure 4.3: Estimated Newtonian noise for Advanced Virgo. Calculated from Eq. (4.20)
with 1 week of seismic data from the Virgo site. Newtonian noise is shown as a spectral
variance indicating the amount of time that is spent at each strain level. Other relevant
noise sources and the total strain budget are also plotted. We see that during high seismic
activity the Advanced Virgo sensitivity will be limited by Newtonian noise.

measurements taken at the Virgo site to provide an estimate of the Newtonian noise
levels for Advanced Virgo. From the differential test mass motion the strain sensitivity
of a gravitational wave detector is simply h ≡ δx/L

1, where L is the interferometer arm
length which is 3 km in the case of Advanced Virgo. An estimate of the Newtonian noise
from 1 week (14 - 21 July 2010) of relatively high seismic activity is plotted in Fig. 4.3
along with the Advanced Virgo sensitivity curve (without Newtonian noise) and other
significant noise sources. Here β = 1.18 and ρ = 2.3 g/cm3 as defined in the Advanced
Virgo sensitivity document [110]. We see that during high seismic activity the Advanced
Virgo sensitivity will be limited by Newtonian noise.

1Here δx is the differential motion or path length difference between both interferometer arms. This
is often denoted by two times the single arm motion, δx = 2δl.
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4.3 New methods for Newtonian noise modeling

Recent modeling of Newtonian noise involves both analytical and finite element (FE)
analysis techniques. Because future gravitational wave detectors are likely to be built
underground, these models attempt to describe Newtonian noise as a function of depth
of the underground test masses. A major challenge of underground Newtonian noise
modeling is making correct assumptions about contributions from the various seismic
wave types. In addition, the proximity of sources needs to be taken into account. For
nearby or ‘local’ excitations, the wave fields are seen to propagate radially away from
a single point source, whereas wave fields from distant sources can be approximated as
a combination of plane waves. We typically assume that sources of distant wave fields
are at a distance d � λP = cP/f from the observer. For local sources, the analytical
solutions of the wave fields are complex and involve all wave field types. In this case,
we rely on FE analysis that can predict seismic motion for a given excitation and well
defined model properties [111]. This will be discussed in Section 4.6 while a plane wave
model for distant sources will be described next.

4.4 Numerical ambient Rayleigh wave model

There are no instruments, besides gravitational wave detectors, sensitive enough to mea-
sure Newtonian noise. In order to test the feasibility and efficiency of subtraction schemes
we set out to computationally reproduce a seismic model based on our knowledge of the
expected wave fields. This will provide both a seismic displacement field that can be
sampled by an arbitrary number of sensors, and a numerically calculated Newtonian
noise signal.

4.4.1 Model description and method

We start out by considering contributions from surface waves. We have seen in the
previous chapter that, at the surface, the seismic motion is dominated by Rayleigh
waves. These represent the dominant source of Newtonian noise for gravitational wave
detectors on the surface, and their penetration depth is significant for future underground
detectors. Plane Rayleigh waves traveling through a (flat) homogenous medium can be
described analytically by Eqs. (1.37). This will be the starting point of our Rayleigh
wave model. It should be noted that as Rayleigh waves propagate along the surface
they are subjected to scattering and interaction with surface structures, deformations
and discontinuities. The plane wave model is therefore a simplification of reality yet is a
suitable tool for understanding wave field modeling and the interaction between seismic
and Newtonian noise.

The model sets out to construct a seismic wave field by the summation of plane waves,
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(a) (b)

Figure 4.4: (a) A snap shot of the vertical displacement field of a single plane Rayleigh
wave from a distant source, viewed from above. (b) A snap shot of the vertical displacement
field after adding ten plane Rayleigh waves of the same frequency but with random phases
and directions of propagation.

thus assuming that all waves originate from distance sources and do not undergo scatter-
ing. The following steps describe the modeling procedure. It is illustrated by Figs. 4.4a
and 4.4b.

1. A 3D model framework of grid points is constructed. The model must be large
enough to include all contributions to Newtonian noise and must have a grid
spacing small enough to sufficiently sample the seismic wave fields.

2. A random propagation direction is chosen from a uniform θ ⊂ [0, 2π] distribution.
Here θ indicates the angle between the wave vector and the horizontal x axis. On
average this will result in isotropic wave fields.

3. The plane Rayleigh wave is constructed by using Eqs. (1.37) and the θ chosen
in step 2, then added to each grid point. The amplitude of the wave is selected
from a distribution according to a desired spectral density and sampling rate.
The Rayleigh wavelength is calculated from the wave’s frequency and dispersion
relation of the medium, λR = cR(f)/f . See Fig. 4.4a.

4. Points 2 and 3 are repeated for the required number of plane waves and fre-
quency components. See Fig. 4.4b. Typically 20 waves are sufficient to approximate
isotropic behavior.

The transverse and longitudinal components of the Rayleigh field attenuate differently
with depth. This results in a vertical dependence on the phase difference between ver-
tical and horizontal particle motion. As a consequence, the amplitude of the horizontal
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Figure 4.5: The Rayleigh wave displacement field as a function of propagation distance
and depth as seen along y = 0 in Fig. 4.4a. The dashed line at 0.2λR indicates the depth
where the horizontal component is zero.

component passes through zero at about 0.2λR. The particle displacement field as a
function of depth and propagation direction is plotted in Fig 4.5.

4.4.2 Analysis and results

Once a seismic model has been generated the Newtonian noise can be calculated numer-
ically via Eq. (4.22). Numerical errors will be incurred due to the finite size of the model
and the grid spacing. The extent to which these affect the Newtonian noise result have
been quantified and is presented for a surface detector in Fig. 4.6. A cut-off radius of
25 m was used. The results show that a grid spacing smaller than λR/30 will provide a
Newtonian noise estimate within 90% of the expected value. In addition, it is predicted
that more than 95% of the Newtonian noise is generated within a distance of λR/2 from
the test mass.

Of particular interest for underground detectors is the reduction of Newtonian noise as a
function of depth. Fig. 4.7a presents the predicted reduction averaged over 10 realizations
of the Rayleigh wave model, each with 20 plane waves. The three components of the
Newtonian noise are given as well as the total Newtonian noise which is defined as the
square root of the sum of the squared x, y and z components. The reduction is plotted as
a function of the depth normalized to the Rayleigh wavelength. The dip in the reduction
at 0.2λR in the horizontal components is due to the zero crossing in the horizontal
component of the Rayleigh wave at the same point. In Fig. 4.7b the reduction is plotted
for various frequencies as a function of the depth in meters. It is seen that the reduction
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Figure 4.6: (a) The effect of grid size on Newtonian noise results from the Rayleigh wave
model. Calculated surface Newtonian noise as a percentage of Newtonian noise obtained
with the smallest grid size, plotted as a function of number of grid points per λR or λR/grid
size. (b) The influence of model size. The cumulative surface Newtonian noise as a function
of increasing integration radius as a percentage of the Newtonian noise obtained with largest
integration radius. Here, one realization of 20 plane randomly incident Rayleigh waves with
a frequency of 1 Hz was used. Plots for other realizations and frequencies reveal similar
results.
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Figure 4.7: (a) The reduction in the absolute value of Newtonian noise as a function
of depth averaged over 10 realizations of a Rayleigh wave field comprised of 20 randomly
incident plane waves at 1 Hz. The grid size is λR/30 and integration distance λR. The
dip at roughly 0.2λR in the horizontal Newtonian noise components is due to the π phase
change at the same point in the horizontal component of the Rayleigh wave field. (b) The
same simulations at wave frequencies of 1, 2 and 4 Hz.
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is stronger for higher frequencies. If a reduction in surface Newtonian noise by a factor
of 100 is required then at 1 Hz this would imply depths of up to 2λR. These results are
strongly dependent on the wave speed and for the hard rock geologies most suited to
stable large-scale underground construction, acoustic wave speeds can be as high as 6
km/s, resulting at 1 Hz in λR ≈ 3000 m. Since such depths are unrealistic, subtraction
techniques have been studied to suppress the Newtonian noise from the interferometer
signal. This will be discussed later; see Section 4.7.

The previous cases have all involved simplified ground models of homogenous non-
dispersive media with monochromatic waves. We now consider approximating more
realistic ground properties by incorporating measurable characteristics, such as power
spectral densities and correlations. The former is easily measured with a broadband seis-
mometer while the later is related to measurable dispersion properties as described in
Section 3.4 and modeled by Eq. (1.41). Two characteristic ground models will be stud-
ied here. The first will involve ‘Virgo’ like soil conditions with low seismic correlation
and a high spectral density. The dispersion relation from measured data were parame-
terized by Eq. (3.7) and a model of typical power spectral density from Virgo seismic
measurements is also available. The second case will involve high seismic correlation like
that found at the site of the Stanford Linear Accelerometer Center (SLAC) [112]. The
dispersive characteristics at the SLAC site were shown to be parameterized by

cR,SLAC(f) = 450 + 1900e−f/2
, (4.21)

which corresponds to Rayleigh and P-wave speeds at 1 Hz of around cR = 1600 m/s and
cP = 3000 m/s respectively (assuming a Poisson ratio of ν = 0.25). The models also
include Rayleigh waves across a broad range of frequencies. The procedure is identical
to that described above with an additional loop through the desired frequency bins. A
sampling period of typically T = 4 seconds is chosen which defines the frequency bin
size ∆f = 1/T . Within each bin 20 Rayleigh waves with a velocity given by the relevant
dispersion relation, but of random direction and phase are added to the seismic wave
field. The same waves are propagated in time, at time steps separated by the interval
∆t = 1/fs.

Seismic correlations obtained with the Rayleigh wave model are shown in Fig. 4.8a for
both ground types. The separation distance between the two simulated seismometers
is 30 m. The predicted correlations based on the dispersion relation inputs are also
plotted (dashed black curves). Each frequency bin is constructed out of 20 isotropi-
cally distributed plane Rayleigh waves with a frequency uniformly distributed across
the frequency bin width. Data were simulated with a sampling rate of 32 Hz. Fourier
analysis was performed on 4 second stretches of data and the correlation averaged over
10 datasets. The average simulated amplitude spectral density is plotted in Fig. 4.8b
along with the Virgo seismic noise model adopted from the Virgo sensitivity document
(solid black curve) [110]. This seismic noise model was used as input for the frequency
dependent amplitude of the Rayleigh waves. Virgo seismic spectra, measured during
high anthropogenic activity and used to calculate the Newtonian noise in Fig. 4.3, are
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Figure 4.8: (a) Seismic correlation of two ground models at a separation distance of 30
m. The red triangles were recovered from the ‘Virgo’ ground model while the blue squares
correspond to results from the SLAC model [112]. The dashed black curves correspond to
the expected correlation from Eq. (1.41) given the respective dispersion relations. (b) The
amplitude spectral density results from our Rayleigh wave model. The Virgo seismic noise
model (solid black curve) was adapted from Ref. [110] and used as input for the amplitudes
of the Rayleigh waves. Measured seismic spectra 10 and 90 percentile levels (solid gray
curves) indicate that the model underestimates high seismic activity in the 8 - 20 Hz range.
The dashed black curve represents the new high noise model.

presented in Fig. 4.8b as 10 and 90 percentile levels (solid gray curves). This shows that
the seismic model underestimates high seismic activity in the 8 - 20 Hz range.

The Newtonian noise is calculated as a function of time at various depths within the
medium. Once again a cut-off radius was used to facilitate discrete sampling of the
medium and to simulate a virtual underground cavity. Here rcut-off = 25 m and ρ = 2
g/cm3. Due to computational constraints only a limited number of frequencies were im-
plemented in the model. Model parameters were chosen such that the medium extended
to a radius of 0.6λR for the lowest frequency and was sampled by at least 10 grid points
per wavelength for the highest frequency. For a frequency range of 1 to 4 Hz this resulted
in a model with dimension x×y×z = 800 m ×800 m ×1000 m and an even grid spacing
of 6.5 m for Virgo-like soil properties. The Newtonian noise signal was sampled at 16
Hz for 40 seconds at various depths and Fourier analysis was performed on 4 second
stretches of data. The Newtonian noise can be plotted as an equivalent gravitational
wave detector strain by dividing the calculated differential path difference by the in-
terferometer arm length L. For an Einstein Telescope type detector (L = 10 km) the
Newtonian noise equivalent strain for both ground types, with the same input seismic
noise model, is shown in Fig. 4.9 as a function of depth for various frequencies. Once
again a dip in the Newtonian noise levels is seen, however, it has become less pronounced
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due to the contributions from frequencies across the bin width. At 1 Hz where the soil
models have roughly the same correlation, the Newtonian noise for both models are
almost identical. As the frequency increases the low correlation model predicts weaker
Newtonian noise levels compared to the high correlation site. The physical origin of
this result can easily be explained. A medium with weaker correlation produces smaller
pockets of soil vibrating incoherently with respect to each other. During the Newtonian
noise integration process the contributions of these regions add incoherently, on average
partially canceling each other out.
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Figure 4.9: Newtonian
noise as equivalent strain for
an Einstein telescope like de-
tector, as a function of depth
for 1, 2 and 3 Hz. Suppres-
sion of Newtonian noise in-
creases with depth and with
frequency. At higher frequen-
cies the Newtonian noise sup-
pression is enhanced by low
seismic correlation.

These results again reveal the notion that the Newtonian noise suppression increases
significantly with depth and with frequency. The same results are plotted as a function
of frequency at various depths along with the Einstein Telescope target sensitivity in
Fig. 4.10. This time the SLAC model seismic amplitudes are scaled by 1/100 to simulate
an Einstein Telescope-like, low seismic noise environment. The Saulson model results
for each surface site are also plotted in Fig. 4.10 (black dashed curves). Note that
these coincide well with the Rayleigh wave model results at low frequencies. At higher
frequencies the results of the two models diverge. For each of the models this occurs
roughly where the correlation at the relevant length scales starts to drop off. Saulson, in
his derivation of Newtonian noise, did consider uncorrelated areas of soil on length scales
of λ/4. He did not include the effect of dispersive media that exaggerates the reduction
in seismic wavelength at higher frequencies. This explains the differences observed here.
An important consequence of these findings is that for low correlation media Saulson’s
model only provides an upper bound on the Newtonian noise. For advanced surface
gravitational wave detectors, the seismic noise is expected to be largely uncorrelated in
the detection band of the detector (> 10 Hz). For future generation detectors, where
the detection band will be pushed to lower frequencies, the seismic noise environment is
expected to be highly correlated.
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Figure 4.10: Results from the Rayleigh wave model for surface wave Newtonian noise
contributions at various depths, plotted as equivalent strain for an Einstein Telescope type
detector. The red curves represent results for a low correlation ‘Virgo’-like seismic envi-
ronment with λR,1Hz,Virgo = 663 m. The blue curves correspond to the high correlation
environment with λR,1Hz,SLAC = 1600 m. The depths are indicated as a fraction of the
Rayleigh wavelength at 1 Hz. Predictions from the traditional Saulson models for the re-
spective locations have also been plotted for the respective surface sites.

This raises the question: what level of Newtonian noise can we expect to see with Ad-
vanced Virgo and how, if at all, will it limit sensitivity?

4.5 Newtonian noise and Advanced Virgo

Newtonian noise as equivalent strain for the Advanced Virgo detector was simulated
using the Rayleigh wave model and soil properties measured at the site. In the simu-
lations the mirrors were suspended 1.5 meters above the ground and no cut-off radius
was used. This configuration was chosen to coincide with a rough approximation of the
Advanced Virgo test mass setup. The ground was modeled with dispersive and non-
dispersive properties with a constant density of 1.8 g/cm3 based on an average density
derived from Fig. 3.18. In the non-dispersive model the Rayleigh wave speed was set
at that measured for 1 Hz waves (663 m/s) and constant across all frequencies. This
provides relatively high correlation over the extent of the model. The dispersive model

102



4.5. Newtonian noise and Advanced Virgo

10 12 14 16 18 20

10

10

10

Frequency [Hz]

N
N

 e
q

u
iv

a
le

n
t 

s
tr

a
in

 [
1

/
H

z
]

 

 
Virgo model dispersive

Saulson  = 1.18 

Saulson  = 0.45  = 1.8g/cm

Saulson  = 0.25  = 1.8g/cm

Adv. Virgo target sens. (detuned)

0 10 20

0

0.5

1

Distance [m]

C
o

rr
e

la
ti
o

n
 @

 1
5

 H
z

 

 
Dispersive

Figure 4.11: Newtonian noise as equivalent strain for the Advanced Virgo detector. Here
the mirror was suspended 1.5 meters above the ground and no cut-off radius was used. The
soil was simulated with non-dispersive properties in which the Rayleigh wave speed was
set at that measured for 1 Hz waves, and for dispersive properties where the wave speed
profile of Eq. (3.7) was used. Included in the plot are three variations of Saulson’s model
with varying values of β and ρ. The inset shows the correlation as a function of separation
distance for 15 Hz waves.

implemented the measured wave speed profile of Eq. (3.7). The inset in Fig. 4.11 shows
the correlation between two points as a function of their separation distance for 15 Hz
Rayleigh waves, for the dispersive and non-dispersive models. Simulated results of the
Newtonian noise as equivalent strain are plotted in Fig. 4.11. Included in the plot are
three variations of Saulson’s model with varying values of β and ρ. A β value of 0.25
coincides best with the results found in the dispersive ambient Rayleigh wave model
with Advanced Virgo soil properties. Note that the level of seismic noise can vary by
more than an order of magnitude between noisy and quiet times.

These results suggest that the values of β and ρ previously used to estimate the sensitiv-
ity of Advanced Virgo overestimate Newtonian noise by roughly an order of magnitude.
This owes to the highly dispersive character of the Virgo site and the relatively high
soil density previously assumed. It is therefore proposed that, for the modeling of Ad-
vanced Virgo Newtonian noise, the values of ρ and β be adjusted to 1.8 g/cm3 and
0.25 respectively. Reexamining Fig. 4.3 in light of a factor of 10 reduction it is evident
that Newtonian noise will not pose too great a threat to Advanced Virgo sensitivity as
previously thought. But, bearing in mind that seismic motion can be roughly an order
of magnitude higher than the modeled values (see Fig. 4.8b), Newtonian noise will still
limit performance during high seismic activity. It should be noted that Newtonian noise
from the concrete buildings and foundations around the test masses may produce signif-
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icant contributions. The motion and correlation behavior of these objects will also need
to be investigated.

4.6 Finite element models

Simulation of the ground displacement fields was done with the FE software package
Comsol [113]. In the FE framework we subdivide a 3D continuum into small hexahedral
elements. Each element has eight corner points called nodes. The mass associated with
each element is divided evenly among the nodes and remains constant during a sim-
ulation. Within each element the relevant physical parameters, like displacement and
stress, can be approximated by piecewise polynomial or ‘spline’ functions of arbitrary
order. In this way the differential equations of Eq. (1.26) can be solved numerically.

4.6.1 Comparison with surface detector models

The calculation of Newtonian noise via FE models was validated by creating simple
rectangular homogenous half-space models, equivalent to those discussed by Saulson for
a surface detector [108]. The isotropic, elastic half-space with ρ = 1.8 g/cm3, ν = 0.33,
cP = 440 m/s and cS = 220 m/s was excited on one boundary to yield plane harmonic
pressure waves scaled to a flat ambient seismic noise spectrum of 1 nm/

√
Hz between

1 and 10 Hz. The subsequent nodal displacements were recorded as a function of time.
The model’s boundary conditions were set such that no reflections occurred and seismic
waves were continuous. The Newtonian noise calculation is done by a summation over
all the contributions from each node as per Eq. (4.18), given by

δaNN(y, t) = G

�

i

1

|r�
i
|3

�
�ξi − 3(r̂�

i
· �ξi) · r̂

�
i

�
mi, (4.22)

where mi = ρ0Vi is the mass per node and is assumed constant for all nodes of an
element. The results are shown in Fig. 4.12. The FE results are compared with those of
Saulson and Hughes and Thorne [108, 109]. To facilitate comparison, an integral cut-
off radius equal to that used in Saulson’s analysis (rcut-off = λ/4) was employed in the
summation process. Fig. 4.12 shows that good agreement is obtained. To assess the effect
of this cut-off the above model was calculated analytically with Eq. (4.7). Removing the
cut-off leads to an increase of Newtonian noise by about a factor 2. It was found that the
FE results approach those of the analytic expression in the limit that rcut-off decreases
to zero.

4.6.2 Finite element simulations of local excitations

A local excitation will produce a complex wavefield consisting of all wave types (see
Fig. 1.5). To predict these wavefields and their resulting Newtonian noise we turn to FE
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Figure 4.12: FE calculation
of the Newtonian displace-
ment noise amplitude for a
surface detector due to P-
waves only. For comparison
the results of Saulson, Hughes
and Thorne, and the analytic
integral Eq. (4.7) are shown.

models of a homogenous semi-infinite medium. A homogenous half-space was simulated
by creating a half-sphere model with no reflection of waves incident at the spherical
boundary. In view of symmetry the model could be further simplified to a quarter half-
space with symmetric boundary conditions on the vertical surfaces. A single vertical
excitation force was applied uniformly within a circular area of radius a around the
origin, given by F (t) = A sin2(πt/Te) for 0 ≤ t ≤ Te where Te is the excitation period.
Note that the force is positive in z and thus ‘pulls’ on the surface. The amplitude scaling
factor A was adjusted to create a vertical displacement at the edge of the excitation
point of 1 µm. This constitutes a relatively small excitation. By comparison, 1 µm is
roughly the maximum displacement a seismometer would record at a distance of 100 km
from the epicenter of a magnitude 0 earthquake. Earthquakes of this magnitude occur
continuously and are not felt by humans. The parameters chosen for the medium are
E = 1.07 GPa, ρ = 2.0 g/cm3, ν = 0.25 and a radius of 2.2 km. This results in wave
speeds of cP = 800 m/s, cS = 462 m/s and cR = 425 m/s. The model with resulting
seismic wave field 2.34 s after a pulse excitation at the origin, with Te = 0.33 s, is shown
in Fig. 4.13. The P- and S-waves can be seen radiating away from the source, with
the fastest being the P-wave, and the S-wave traveling at 58% of the P-wave speed. A
Rayleigh wave propagates along the surface at a speed related to the S-wave speed as
described by Eq. (1.35). A head wave can just be distinguished at a tangent across the
S-wave front. It is the result of P-waves interacting with the surface and in this way
generating S-waves that propagate away from the surface.

The arrival times and geometric damping of the various wave types can now be studied.
No material damping was implemented in this model. Fig. 4.14 shows the FE results
of simulated seismic displacements along with expected arrival times at two locations
placed at a horizontal distance of 800 m from the excitation, one on the surface and
the other at a depth of 800 m. Only the horizontal x and vertical z degrees of freedom
are shown since the y horizontal motion is zero due to the radial symmetry of the
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Total Displacement at t = 2.34 s

- Probe locations

P - wave

S - wave

Rayleigh wave

Head wave

Figure 4.13: Total displacement for a time domain FE simulation at 2.34 seconds after a
1 µm pulse excitation at the center of the half-sphere. The P, S and Rayleigh waves can be
seen radiating away from the source and a head wave can be made out at a tangent to the
S wave front. The medium is modeled by a clay-like soil with a P-wave speed, cP = 800
m/s. Simulation made with FE software package Comsol [113].

excitation and resulting wave field. Initially the P-wave can be seen arriving mainly
as a horizontal motion at the surface and in equal horizontal and vertical proportions
at the subterranean location. Then a Rayleigh wave arrives at the surface site and an
S-wave at the underground site. Note the phase difference of π/2 between the x and z

displacements of the Rayleigh wave.

As discussed in Section 1.3.1 two thirds of the energy from a vertical excitation on the
surface will couple into the Rayleigh wave mode and 26% and 7% into S-wave and P-
wave modes respectively. In addition, Rayleigh waves attenuate with the square root of
distance while body waves attenuate proportional to the distance within the medium
and with the square of the distance along the surface. This corresponds to geometri-
cal damping proportional to (1/r)n with respective values of n = 0.5, 1 as described in
Eq. (1.38). Fig. 4.15 shows wave amplitude with increasing distance from the source
across the surface and within the medium. The data from within the medium are taken
along a straight line through the origin at 45 degrees from the surface. Models for the
geometric attenuation of surface and body waves are also plotted. The FE results follow
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the models closely yet seem to overestimate the damping for both surface and body
waves. For surface displacements this is due to the presence of body wave motion on
the surface. This can not easily be distinguished from Rayleigh wave displacements and
provides higher than expected motion at distance close to the excitation. Because body
waves at the surface attenuate more rapidly than Rayleigh waves, their relative contri-
bution decreases with distance from the source. Similarly, for the body wave attenuation
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the rms motion at small distances from the source is larger than anticipated due to con-
tributions from the surface Rayleigh wave. Displacements from Rayleigh waves are still
significant to depths of typically one P-wavelength.

Under certain conditions analytical solutions of the seismic displacements from excita-
tions on elastic media exist. Here these are used to verify the ground response from the
FE model. For example, Mooney [114] presented a solution for surface displacement,
velocity and acceleration as a result of a vertical point load on a homogenous half-space.
A vertical uniform stress σzz(t) is applied to a free surface over a circular area of radius
a. The total applied force is then given by Zf(t) = πa

2
σzz(t) where f(t) is the normal-

ized time history of the force and Z its amplitude. The displacement motion due to an
arbitrary force can then be described by

u(t) =
Zδ

2

π2γr2

�
df(t)

dt

����
t=

r
cs τ

∗G(τ)

�
(4.23)

where r is the distance from the source, τ is the dimensionless time parameter given by

τ = cSt/r and we define γ = 1

2

�
3 +

√
3 and δ = cP/cS. The term in square brackets

presents a convolution between the time differential of the applied force and G(τ), the
vertical or horizontal step response of the medium. For vertical motion, where ν = 0.25,
we have

G(τ) = 0 τ < 1/δ
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For the expression of the horizontal response the reader is referred to the literature [114,
115]. A comparison can now be made between ground displacement from the method
described here and of that found in our FE model. The results for distances of 200 and
400 m from the excitation point are presented in Fig. 4.16. The applied force in both
models is normalized to obtain a 1µm displacement at the edge of the excitation area,
in this case a = 10 m. In general the FE model provides a good estimate of the expected
displacements. Some comments can be made about the differences. The P-wave, starting
for example at 0.5 s at 400 m from the source, is underestimated by the FE model, and
the height of the Rayleigh wave peak is roughly 15% smaller in the FE model. The
Rayleigh wave also has a longer lagging tail than expected from Mooney’s prediction.
An extra small peak is also seen preceding the Rayleigh wave (at approximately 0.8 s
at 400 m) in the FE model. These differences could be attributed to the size of the
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elements used in the FE model. It was checked that, using both smaller elements and
integration time steps, the theoretical displacements were approached at the expense of
increased computation time.

4.6.3 Newtonian noise from local excitations

The pulse excitation in the half-sphere model described in the previous section, was
used to investigate Newtonian noise from local sources. The nodal displacements were
recorded as a function of time and the Newtonian noise was calculated at various depths
on a vertical line at a distance of 800 m from the z-axis, between the red markers in
Fig. 4.13. In order to artificially separate the contributions of the surface and body
waves to the Newtonian noise acceleration the nodes with a depth less than 200 m were
summed separately to those deeper than 200 m. The respective ‘surface’ and ‘body’
contributions were combined to give a total acceleration. Note that for times shortly
after the excitation, this distinction is not precise. An integral cut-off radius of 25 m was
used and represents a rough implementation of an underground cavern. The results for
a test mass at the surface and a test mass at a depth of 800 m are shown in Fig. 4.17.
Only the Newtonian noise acceleration in the horizontal direction is shown since it has
the largest effect on the performance of an interferometer. The expected arrival times
of the different waves are indicated in the figures and show that the Rayleigh wave
dominates the Newtonian noise contribution of a detector on the surface. At a depth
of 800 m the arrival of the S and P-waves can clearly be distinguished. The Newtonian
noise contribution of a wave is initially negative as the wave approaches then changes
sign as the wave passes by the test mass. It is interesting to note the sign change of the
surface contributions between a surface and underground detector. This is due to the
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phase change of the horizontal component of the Rayleigh wave for depths larger than
0.2λR ≈ 80 m.

An important consequence of these results is that Newtonian noise acts upon the test
mass before any seismic disturbance actually reaches the test mass position, and, for
short times, is only dependent on surface contributions. The Newtonian noise builds up
instantaneously after the excitation and becomes small roughly 1.5 seconds after the
last wave has passed by. We conclude that for pulse excitations seismic motion out to
distances of roughly 1.5 λP (at 1 Hz), produces significant contributions to Newtonian
noise. It is also interesting to note that the contribution of the P-wave to Newtonian noise
is considerable in comparison to its relatively small displacement field. This confirms that
compressional waves have a relatively large effect on the Newtonian accelerations.
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We also notice that the level of Newtonian noise at depth displays only a marginal
reduction in comparison to that of a surface site. In Fig. 4.17 it is shown that at a depth
of 800 m, which corresponds to a 1 Hz P-wavelength of 1λP or a Rayleigh wavelength
of ≈ 2λR, there is only a factor of two reduction in Newtonian noise amplitude.

Newtonian noise reduction as a function of depth was also investigated for periodic
sources, where the pulse excitation was repeated periodically. The results for 1 and 4
pulses per second are shown in Fig. 4.18. The simulations were done along a line con-
necting the red markers in Fig. 4.13. The reduction in Newtonian noise as a function of
depth is significantly less than previously presented for distant source surface wave mod-
els. This confirms that in these simulations the Newtonian noise at depth is dominated
by contributions from body waves. These results also verify the notion that Newtonian
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noise suppression with depth increases with lower seismic velocities and higher frequen-
cies. The reduction at 4 pulses per second is initially less than that at 1 pulse per second,
possibly because the superposition of the waves from 4 pulses add in such a way to in-
crease the Newtonian noise amplitudes. The 4 pulses per second reduction then drops
off after a depth of 300 m. This is a consequence of surface wave averaging: the notion
that at depth a larger portion of the surface contributes to the Newtonian noise. The
Newtonian noise integration is then performed over more wavelets that on average cancel
each other out.

4.7 Ambient Newtonian noise subtraction

We have seen that, even at a seismically quiet location, the sensitivity of a future gener-
ation detector will be limited by Newtonian noise from distant and local sources. In this
section we discuss techniques that will need to be implemented to further reduce the
effects of Newtonian noise. Newtonian noise subtraction involves measuring the seismic
wave field with sufficient accuracy and resolution, so that the corresponding Newtonian
forces at an interferometer test mass can be predicted and subsequently subtracted from
the interferometer output signal.

To achieve an accurate prediction of Newtonian noise, precise monitoring of the seismic
motion is required and will necessitate a network of seismic sensors. An understanding
of the required accuracy and number of sensors needed for an adequate Newtonian noise
subtraction will be addressed in this section. To do that, we make use of the Rayleigh
wave models developed in Section 4.4. The models provide us with a framework in which
we can simulate realistic ambient seismic motion and its corresponding Newtonian noise.
The seismic motion can then be sampled by virtual sensors placed arbitrarily throughout
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the model and a Newtonian noise estimate constructed from these signals. Comparing
Newtonian noise estimates with the modeled Newtonian noise will provide a means to
test the efficiency of the subtraction scheme. The Newtonian noise estimate will be
generated with a Wiener filter. The derivation of a Newtonian noise subtraction Wiener
filter will be given next followed by results of the subtraction efficiency.

4.7.1 Wiener filter subtraction

Let us consider a given a signal, H that is corrupted by additive noise N , such that
Y = H +N . The Wiener filter α attempts to produce an estimated signal Ŷ in such a
way as to minimize the power of an error function defined by E ≡ Y − Ŷ .

In the case of Newtonian noise subtraction the signal H is the gravitational wave signal
in the interferometer output Y . The estimated signal Ŷ is constructed from the network
of seismic sensors with corresponding filter coefficients. It contains an estimate of N
and, in the case of Newtonian noise, will be correlated with the seismic motion but not
with the gravitational wave signal. We assume that a network of seismic displacement
sensors is placed around each test mass. The Fourier series of the i-th sensor is given by
Xi = Ui + Σi, where Ui is the seismic displacement measured at the sensor’s position
and Σi its instrumental noise. The Newtonian noise estimate will be subtracted from the
interferometer output resulting in a Newtonian noise suppressed interferometer output,
E(ω). This Newtonian noise suppressed signal will be constructed in such a way as to
satisfy the given optimization criterium. This involves applying a linear, time invariant
filter αi(ω,ω�) to each of the Xi(ω) signals and subtracting them from Y (ω). The filters
must be chosen such as to minimize the power spectrum of E(ω) where

E(ω) = Y (ω)− Ŷ (ω)

= Y (ω)−

� �

i

αi(ω,ω
�)Xi(ω

�)dω�
. (4.25)

Here αi(ω,ω�) are the coefficients of the Wiener filter to be applied to the i-th sensor
before subtracting its contribution from Y . In the second term on the right hand side
the integral over ω� implies that the filter coefficients at ω are frequency dependent. If
we assume that the seismic noise is stationary and has no non-linear effects, then this
integral can be omitted as seismic motion will contribute only to the filter solely at the
same frequency. This will be done in the following derivation; however, for the general
case the derivation is analogous [81]. Eq. (4.25) can then be written as

E(ω) = Y (ω)−
�

i

αi(ω)Xi(ω), (4.26)
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and the power spectrum of E becomes

�E(ω)∗E(ω)� = �Y (ω)∗Y (ω)� −
�

j

αj(ω)�Y (ω)∗Xj(ω)�

+
�

i,j

αi(ω)
∗
αj(ω)�Xi(ω)

∗
Xj(ω)�

−

�

i

αi(ω)
∗
�Xi(ω)

∗
Y (ω)�. (4.27)

We now attempt to minimize this expression with respect to αi(ω)∗ so that

∂

∂αi(ω)∗
�E(ω)∗E(ω)� =

�

j

αj(ω)�Xi(ω)
∗
Xj(ω)� − �Xi(ω)

∗
Y (ω)�

= 0. (4.28)

Hence we obtain a set of linear equations for the optimal filters given by

�Xi(ω)
∗
Y (ω)� =

�

j

αj(ω)�Xi(ω)
∗
Xj(ω)�. (4.29)

Physically, these results mean that we need to find filter coefficients such that the cu-
mulative filtered cross-correlation between sensor i and all the other sensors is the same
as (or as close as possible to) the correlation between the interferometer signal and the
seismic motion detected by sensor i.

We now have an inversion problem to find α. The sum on the right hand side of Eq. (4.29)
can be seen as the multiplication of vector αj(ω) of dimension m with the m×m matrix
�Xi(ω)∗Xj(ω)�. It can then be seen that

αj(ω) = �Xi(ω)
∗
Xj(ω)�

−1
�Xi(ω)

∗
Y (ω)�. (4.30)

We can now define these results in terms of relevant measurable quantities, such that

�Xi(ω)
∗
Y (ω)� =

1

2
CSNi(ω),

�Y (ω)∗Y (ω)� =
1

2
[CNN(ω) + CHH(ω)], (4.31)

�Xi(ω)
∗
Xj(ω)� =

1

2
[CSS(ω) + CΣΣ(ω)]ij,

where the quantities above have the following physical interpretation:

• CSNi is a vector with the spectral covariance between the seismic signal of sensor
i and the Newtonian noise.

• CNN is the power spectrum of the Newtonian noise in the interferometer output
signal Y and CHH the power spectrum of all other contributions that are not
correlated with Newtonian noise (such as the gravitational wave signal).
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• [CSS(ω)+CΣΣ(ω)]ij is a cross correlation matrix of all the seismic sensors. The sen-
sor noise term CΣΣ(ω) will only appear in the diagonal (auto correlation) elements
of the matrix as it is assumed to be uncorrelated between sensors.

Incorporating Eqs. (4.30) and (4.31) into Eq. (4.27) and dividing by the power spectrum
of the unsuppressed interferometer signal Y we get

�E(ω)∗E(ω)�

�Y (ω)∗Y (ω)�
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. (4.32)

We define a Newtonian noise subtraction relative residual 1 − �(ω) as the ratio of the
amplitude of the suppressed and unsuppressed interferometer signals. In the case that
the Newtonian noise signal dominates other uncorrelated interferometer signal sources,
i.e. CNN � CHH , (1 − �)2 gives the ratio between the power spectra of the Newtonian
noise remaining in the error signal and the raw interferometer output. It is given by

(1− �(ω))2 =
�E(ω)∗E(ω)�

�Y (ω)∗Y (ω)�
= 1−

CSNi[CSS(ω) + CΣΣ(ω)]
−1

ij
C

∗
SNj

CNN

. (4.33)

A subtraction residual of 1 means that Ŷ bears no resemblance to the Newtonian noise
signal and no Newtonian noise is subtracted. A residual of zero means that Ŷ = Y

or total coherence between seismic sensors and Newtonian noise and results in 100%
possible Newtonian noise subtraction.

4.7.2 Newtonian noise subtraction results

To illustrate the effectiveness of the Wiener filter subtraction, a Rayleigh wave model
was chosen to resemble a future generation gravitational wave detector situated at the
surface. Virgo-like soil characteristics were given as input to the model. No cut-off radius
was used and the test mass was suspended 3 meters above the ground to resemble
a scaled up version of an advanced detector. Seismic waves with frequencies from 2
to 6 Hz were simulated as this is the range in which Newtonian noise is expected to
limit the sensitivity of future generation detectors. The ground displacements and the
corresponding Newtonian displacement signals were recorded.

We assume that the interferometer arm is oriented along the x-axis, and focus on the x
component of the Newtonian noise as this will have the largest contribution to Newtonian
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induced arm-length differences. Sensors were positioned on the surface of the model and
comprise single axis devices sensitive in the x direction. Due to the related nature of
horizontal and vertical motion of Rayleigh waves, similar results are obtained using
vertical sensors. Finally, the sensors have a variable self noise level defined by a signal-
to-noise ratio SNR = �U�2/�Σ�2. The subtraction residual for any set of sensors can now
be calculated.

We start out by placing the sensors in a regular grid around the test mass. The distance
between lines of sensors is given by Lgrid. By increasing Lgrid we spread the same number
of sensors out over a larger area. Two examples of grid sensor arrays are shown in
Fig. 4.19.

Figure 4.19: Grid sensor
arrays for Newtonian noise
subtraction. Both arrays of
sensors contain 256 sensors.
The sensors denoted by black
dots have a grid spacing
Lgrid = 2.6 m, while the
sensors marked as red circles
have Lgrid = 5.2 m. The test
mass (blue square) is placed
in the middle of the network,
3m above the surface.

Newtonian noise subtraction results (Eq. (4.33)) obtained with grid sensor arrays are
given in Fig. 4.20 for increasing numbers of sensors. Three different grid lengths are
shown with sensor noise corresponding to an SNR of 25. The residual is a function of
frequency. Here we average over 1 Hz bands centered around 2.5, 3.5, 4.5 and 5.5 Hz.
Unless otherwise mentioned, the results presented are those for the 4.5 Hz band. To
illustrate the effect of sensor noise, the sensor array simulation with Lgrid = 5.2 m were
repeated with an SNR of 9 and 4. These results are also included in Fig. 4.20.

From the grid sensor results we see that with just a few sensors close to the test mass, half
the Newtonian noise (in amplitude) can be subtracted from the interferometer output.
As the number of sensors increases the residual decreases logarithmically until about
100 sensors, after which the effect of additional sensors starts to level out. A grid length
of Lgrid = 5.2 m generally provides the best subtraction efficiency, but for more than 100
sensors the results are similar to those for Lgrid = 2.6 m. Once 500 sensors have been
placed the geometry of the network has no effect on the effectiveness of Newtonian noise
subtraction and all grid length results approach a residual of roughly 0.02, an equivalent
Newtonian noise amplitude reduction of 98%. The effect of sensor noise on subtraction
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Figure 4.20: Newtonian noise subtraction residuals for grid sensor arrays from ambient
Rayleigh wave model simulations. Colored curves with circles, squares and diamonds rep-
resent grid lengths of 1.3, 2.6 and 5.2 m respectively, all with a sensor SNR of 25. Dashed
black curves with triangles denote different SNR values for 5.2 m grid lengths.

efficiency is also evident in Fig. 4.20. If the SNR is reduced to 4, roughly three times
as many sensors would be needed to reach the same subtraction results obtained with
an SNR of 25. This is an important observation. Selecting a seismically quiet site for
a future generation detector will place stringent requirements on the noise levels of the
sensors.

We now consider an optimal method for positioning the sensors. We set out to achieve
the best possible subtraction results, by using a minimum number of sensors. To do
that we adopt an incremental approach which involves stepwise placement of each addi-
tional sensor at the point that minimizes the residual. This optimization process involves
scanning the available surface area. At each point the cross and auto correlations and
corresponding residual of Eq. (4.33) are calculated as if the sensor were to be placed
at that location. This provides a subtraction efficiency contour map. The sensor is sub-
sequently placed at the point that minimizes 1 − �. The exercise is repeated for each
additional sensor. The efficiency contour map for the positioning of the first sensor is
shown in Fig. 4.21a. Here we see a clear structure oriented in the x direction as we would
expect for the x component of the Newtonian noise. The lobes visible along the x-axis
correspond to the Bessel function behavior of the seismic correlation (Eq. (1.41)). For
the 4.5 Hz band shown here the first Bessel function lobe is expected, and found, to be
at x = ± 28 m. The red dot in Fig. 4.21a represents the optimal location of the first
sensor.
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Figure 4.21: (a) Optimized positioning of subtraction sensor network. The color map
indicates the efficiency of placing a sensor at that location. The red dot indicates the most
effective position of the first sensor. (b) Placing of the second sensor. The process is repeated
for each subsequent sensor. (c) The resulting sensor network after placing 24 sensors. Red
dots represent sensor locations for a network optimized at 4.5 Hz, while the blue squares
correspond to a 5.5 Hz optimized network. A Virgo end mirror building is included and
drawn to scale.
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The optimized sensor network after adding 24 sensors is shown in Fig. 4.21c. The red
dots represent sensor locations for a network optimized at 4.5 Hz, while the blue squares
correspond to a 5.5 Hz optimized network. We see that the sensors are distributed in
an ‘hour glass‘ formation aligned along the direction of the Newtonian noise component
that is being subtracted, the x-axis in this case. They are more sparsely distributed than
the grid sensors and are distributed across the full x range of the surface. The lower the
optimization frequency, the more spread out the network becomes, covering a larger
area. The evolution of the subtraction residual for an increasing number of sensors is
shown in Fig. 4.22 for an array optimized at 4.5 Hz. In comparison to the grid results we
notice an improved efficiency for optimized networks with a similar numbers of sensors.
For example, 24 optimized sensors subtracts 90% of the Newtonian noise, while a grid
configuration would require about 3 times as many sensors for the same subtraction
results. The efficiency in the 2.5 and 5.5 Hz bands for the same sensor configuration is also
plotted in Fig. 4.22 (dashed black curves). We see that the effectiveness of subtraction
is significantly reduced at frequencies out of the optimization band.
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Figure 4.22: Subtraction efficiency results for optimal sensor positioning. The array
(shown in Fig. 4.21b) is optimized for 4.5 Hz and is therefore not optimal for other fre-
quencies. The efficiency in the 2.5 and 5.5 Hz bands for the same sensor network are given
by the dashed black curves.

118



4.8. Summary

4.7.3 Discussion

In reality, it may not be possible to optimize an actual array in the way described here.
However, these simulations teach us a lot about the best approach to sensor network
design. Placing sensors at a large distance perpendicular to the interferometer arm is
of little use, instead placing them along the axis parallel to the arm and in an ’hour
glass’ configuration will provide better results. A sensor array can be optimized for a
particular frequency, however, Newtonian noise will need to be subtracted from a broad
range of frequencies where Newtonian noise is limiting sensitivity. This will require a
more generalized array spread over a large area for low frequency subtraction, and higher
density closer to the test mass for subtraction at higher frequencies. Finally, the sensor
noise also plays a crucial role in the subtraction efficiency. A poor signal-to-noise ratio
will require more sensors for the same subtraction result. At the current gravitational
wave detector sites, the seismic signal is large enough to provide significant signal-to-
noise ratios in relatively low-cost seismic sensors. A seismically quiet site like those
proposed for future generation detectors will require more sensitive sensors. The results
presented here simulated surface detectors, however, the same principles can be extended
to assess subtraction results for underground detectors.

4.8 Summary

Newtonian noise is derived from the soil density fluctuations in the medium surrounding
a gravitational wave detector test mass. We have shown that, to second order (see
Eq. (4.15), the derivation from the continuous case produces the same outcome as a
discrete formulation. The latter making it possible to implement numerical and finite
element simulations.

New methods of Newtonian noise modeling are implemented and cover two categories
of seismic sources. The first involves distant sources producing ambient seismic motion
that could be simulated by the summation of isotropically distributed plane Rayleigh
waves. This model was able to incorporate measurable properties of ground motion
such as power spectral density and seismic correlations. Results from these simulations
showed that Newtonian noise effects are dependent on correlation, with higher correla-
tion producing higher Newtonian noise. This confirmed the idea that weaker correlation
produces more areas of incoherently vibrating soil, the effects of which cancel each other
out in the Newtonian noise integration process. Results were also presented of Newtonian
noise as a function of depth and frequency. These showed that there is a reduction of
Newtonian noise with depth and that the reduction is increasingly significant the higher
the frequency of the seismic waves. At 1 Hz the reduction is an order of magnitude at
depths of roughly one Rayleigh wavelength. In hard-rock geologies these are unfeasibly
large depths. It should be noted that these simulations included only contributions from
surface waves. Although these can penetrate to considerable depths, their contribution
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to Newtonian noise will, with depth, become less signifiant than the contribution from
body waves. A phenomenon yet to be implemented in the models.

The second type of seismic source considered during the Newtonian noise simulations
were local sources. These were emulated by pulse excitations on a homogenous half-
space with finite element modeling techniques. These excitations produced all wave types
and the finite element techniques were shown to accurately predict the surface particle
motion. Simulated test masses at the surface and underground locations showed that
the Newtonian noise was felt before any seismic signal reached the respective test mass
locations. In addition, the reduction as a function of depth was only small even at large
depths. This is due to the fact that, at short distances, body waves have not attenuated
significantly with respect to the surfaces waves and that there are no canceling effects
in the Newtonian integration process.

All the models presented in this chapter represent simplified models of reality. Soil
properties were always considered isotropic and homogeneous, and seismic wave fields
were free of scattering. In reality, the geologies at gravitational wave detectors sites will
be much more complex and the properties in the immediate vicinity of the test masses
will the determined by man-made facilities. For example, the concrete floors and walls
around the Virgo test masses will have different properties than the surrounding soil
and will cause scattering of incident seismic waves.

Although it was not covered extensively here, other sources of Newtonian noise exist.
These include atmospheric Newtonian noise and Newtonian noise from the motion of
physical objects around the test masses. In the case of motion with magnitudes of the
same order as the distance to the test mass, higher order effects of Newtonian interactions
will also play a dominant role. Seismic Newtonian noise is the largest contributor to
Newtonian noise and was therefore the focus of this chapter. A detailed discussion of
the other Newtonian noise sources was omitted here but will be increasingly important
for future generation detectors. Subsequent studies will reveal to what level they will
affect detector sensitivity.
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